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Introduction 
The subject of this thesis belongs to a branch of mathematics named algebraic 
Ä"-theory. In algebraic AT-theory one defines, for an arbitrary ring i? and η Ç- Ν, 
abelian groups А"
П
(Л). The main objective of this theory is the study of these 
AT-groups and their properties. In this thesis, the ring R we will consider, will 
be the ring of integers Op of an algebraic number field F. 
The groups К0(Ор) and Κι(Ορ) are related to classical invariants of the 
number field F. For the group Κο(Ορ) it is rather easy to establish an isomor­
phism 
KO(OF) -^z®a(oF). 
Thus KQ(OF) is determined when we have computed СІ(Ор), which is in general 
very difficult. 
For the group KI(OF) we have, by the work of Bass-Milnor-Serre [1], an 
isomorphism 
КгіОр) Z+oy 
The proof is rather difficult and still leaves us with the computation of 0*F. 
The main object of our study, is the third If-group К2(Ор). For a ring R, 
the group K2(R) is defined as the kernel of a certain surjective homomorphism 
<}>:St{R) -^E(R). 
Here St(R) denotes the Steinberg group of R and E(R) the stable elementary 
linear group of R. See chapter I for a definition of φ. It can be shown that the 
group K2(R) is precisely the center of the Steinberg group St(R), and thus is 
an abelian group. 
If R is the ring of integers Op in a number field F, the group N2(0p) can 
also be obtained in another way. The tame kernel is defined as the kernel of a 
homomorphism (see chapter I section 4) 
ν 
Here fcp denotes the residue field Op/p of a finite prime ρ of F. In algebraic 
AT-theory it is a deep theorem that 
КгіОр) - кет т. 
For the relevant definitions of all the above the reader is referred to chapter I. 
In 1971, Garland [6j showed that K^R) is a finite abelian group when R is 
the ring of integers Op in a number field F. At the end of the sixties, it was 
conjectured for a totally real field F that the size of КгіОр) is equal to 
\w2(F) • ζρ{-1)\. 
ix 
Неге СИ ) denotes the Dedekind (-function of F and W2{F) is the largest 
integer ƒ such that the Galois group Gal(F((y)/F) is annihilated by 2. This 
conjecture is known as the Birch-Tate conjecture [2, 17]. 
In 1984, enormous progress was made by the joint work of Mazur and Wiles 
[20], when they proved the so-called 'Main Conjecture' in Iwasawa theory for 
all totally real abelian fields and all odd primes. The Birch-Tate conjecture is 
implied by the 'main conjecture'. We then have the following 
Theorem (Mazur-Wiles) Let F be a totally real abelian number field. Then 
the p-part of # K ^ O f ) is equaJ to the p-part of \w2(F) • (,F{ — \)\ for all odd 
primes ρ 1 . 
The first part of the thesis, chapters II and III, deals with the size of the 
group Κ2{Ορ). First of all, we will prove a weaker form of the Birch-Tate 
conjecture. This is done in chapter II. Let F be a real abelian field. We will 
prove that if ρ is any prime number outside a certain finite set Σ, then the 
p-primary part of Κ2(Ορ·) is trivial. Of course such a finite set Σ exists, since 
K2(OF) is finite. The problem here is to determine such a finite set. We will 
determine the set Σ using some sophisticated algebraic number theory, such 
as the Stickelberger theorem and the Kubota-Leopoldt p-adic L-function. We 
show that Σ is a finite set containing the primes 2 and 3, the prime divisors of 
[F : Q] · cond(F) and the prime divisors of the numerator of (F( — 1)· The proof 
is analogous to the proof of Herbrands' theorem in [29]. We sketch briefly the 
lines of the proof. Central in the proof is the following short exact sequence 
taken from Keune [15] which is based on work of Tate [28]: 
0 — (μ
ρ
 ® Ci(0 F ( < p ) [i])) r — K2(0F)/p — 0 μρ —» 0. (1) 
pes· 
Here Γ = Gal (F((p)/F), ρ an odd prime number and 5' the set of p-adic primes 
ρ of F that split completely in F(ÇP). 
The triviality of the p-primary part of K2(OF) results from the triviality of 
a certain vector space V which is closely related to the Fp-space α(Ορ(ζ ))/p-
In fact, we have 
ν = ε
ω
 . (0®z,a(Of(<p))/p), 
where О = ZPlil>(l),ip{2),...] $, G the Galois group Gal(F(Cp)/Q), G the 
dual group of G and £„ 1 a certain idempotent in the group ring 0[G]. If ρ \ \G\, 
then V is a O/pO-vector space. This space V, which is also equipped with the 
structure of a G-module, is decomposed—using orthogonal idempotents in the 
group ring 0/pO[G} —into a direct sum 
χ 
'Recently, this was proved for F totally real by A. Wiles [30]. 
X 
where χ ranges over all the (even) characters on Gal(F Q). Using the Stick-
elberger theorem, it will follow that the subspace V^  is trivial if ρ does not 
divide the generalized Bernoulli number B^^. Consequently, since the Β2
Λ
 are 
p-integral, it follows that V is trivial if ρ does not divide 
« - і ) - П ( %*)· 
χ 
In chapter III, we consider the more general situation where F is an abelian 
number field. In this case, one has in general odd and even characters on 
Gal (F/Q). This observation results in the following decomposition of the vector 
space V: 
Vxeven / Yxodd J 
To deal with the 'odd' subspaces of V, we introduce Leopoldts' reflection prin­
ciple. With this principle, we can compare the dimension of the space V
x
 with 
χ even, to a related space V% with χ odd in a one to one manner. It will turn 
out that 
dim V^ < dim V
x
. 
The space V
x
 can now be dealt with eis in the real number field case. In this 
way we obtain the following result: 
Theorem Let ρ be a prime number, ρ > 5. Let F be an abelian number field 
not containing a primitive p-th root of unity ζ
ρ
 and let F"1" be the maximal real 
snbfíeld of F. Assume that ρ does not divide [F : Q] · cond(F). If ρ f ÇF. ( -1) 
and ρ \ Bp-2,x for all odd characters on Gal (F/Q), then the p-primarj part of 
K2(OF) is trivial. 
A large part of chapter III is devoted to the introduction and proof of Leopoldts' 
reflection principle. Along the way we produce some well known number theo­
retic spin-off. 
In the second part of this thesis, chapters IV and V, we look at the tame ker­
nel К2{Ор) from another point of view. Here we are interested in determining 
generators for the tame kernel. In general for a commutative ring R, one can 
define Dennis-Stem symbols (a,b) in the group KiiR), whenever 1 ab e R'. 
These Dennis-Stein symbols are described in terms of elements of the Steinberg 
group St(R). For a definition see chapter I. We will prove the following 
Theorem Let ρ \ \F : Q] · disc(F) and assume that the p-primary part of the 
ideal class group Сі(ор) is trivial. Then the p-primary part of Κ2{ορ[ι ]) is 
generated by Dennis-Stein symbols. 
XI 
The proof is based on the careful analysis of the homomorphism 
L:(ßp®a{Onip)[\}))r -+K2{OF[\})lp. 
This is essentially the first homomorphism in sequence (1). We will need some 
advanced number theory, such as class field theory—the Hilbert class field—and 
Tchebotarevs' density theorem. An important role plays the prime number ρ 
which is a unit in C F Í 1 ] and is used to describe the necessary Dennis-Stein 
symbols. In section 5 of chapter IV we restrict ourselves to real quadratic fields 
F. Using the Mazur-Wiles theorem we compute for odd primes ρ the size of 
the p-primary part of Кг (Of). With this information at hand, we are able to 
compute generators for the tame kernels ^ ( O Q , /2дч) and •^(С'о/./тэ))· We 
use the same techniques as used in the proof of the above mentioned theorem, 
but this time the unit ρ in O F [ - 1 can be replaced by the fundamental unit ε of 
Of. In section 6, as spin-off, we give presentations for the special linear groups 
Sl
n
(0F), with η > 3 and F - Q(v /29),Q(\ /ÏÖ9). It is based upon a complete 
set of generators for the tame kernels of these fields. 
In chapter V, we consider another approach in the case that ρ is equal to 3. 
It is related to the subject of chapter IV, but we believe that the material in 
chapter V is interesting in its own right. We will define two maps 
GvA-F{p) — (μ, ® Cl(0F(p)[l}))r — K2(0F[t})ß 
and 
G2:A-Flp) — {X e SL2{OF[$]) \ X3 = 1 } / . - ^ K2(0F[\])/3. 
Here Ap, , denotes the minus-part of the 3-pnmary part of the ideal class group 
C¿(oF(p)[^]) and ρ a primitive third root of unity not contained in F. 
The map Gi is essentially the first map in the exact row (1) and thus based 
upon the notion that the tame kernel is equal to K2{0F[^}). The second map 
G2 is based upon the Milnor definition of K2(Op{^})·. 
АГ2(СЫ§]) = ker {St(0F[\]) —» E(OF[\])) . 
We will prove, by direct computation, that if 3 \ [F : Q] the two maps coincide. 
This approach is perhaps useful, when one tries to find generators for the tame 
kernel K^Op), when F is an imaginary quadratic field. Since in this case one 
has only finitely many units in 0F, it is clear that in general the tame kernel 
will not be generated by Dennis-Stein symbols. Nevertheless, one is still able to 
describe generators for / ^ ( O f ^ ] ) ' n terms of elements in the Steinberg group 
St(0F[^}). It would be nice if one could generalize this for other primes p. 
xii 
List of some frequently used notations 
K0 1 
a{R) 2 
Rg 3 
Ab 3 
Кг 3 
GL
n
(R) 3 
* . , (-) 3 
E
n
(R) 3 
GL(R) 3 
E(R) 3 
SL
n
{R) 3 
5L(iZ) 4 
5Ä"i(iZ) 4 
St(n,R) 5 
x
_
 5 
5<(Д) 5 
ііГг 5 
7 
«;„(-) 9 
Λυ(-) ^ 
{-,-}
Ч
 9 
(- .-> 
/χ 
ω 
ε
χ 
Α
χ 
Ο 
ε
ω
. 
θ 
Β
η 
Β
π,Χ 
L(s,x) 
CF(S) 
^ρ(β,Χ) 
а^, Ь^, к^ ,, и^ 
(^) 
рЧ /ч eif' /κ 
е
Р' ^  Ρ 
írf 
ivi 
01,! 
10 
15 
16 
16 
18 
19 
19 
20 
20 
22 
23 
24 
24 
25 
27 
37 
45 
49 
49 
49 
49 
52 
X l l l 

Chapter I 
Algebraic if-theory 
In Algebraic AT-theory one defines for every η G Ν, it-groups K
n
(R) constructed 
from a ring R. In this chapter we will define the first three /f-groups Ko(R), 
Ki(R) and K2{R)· Most of the material presented here can be found in Milnor 
[21] or Silvester [24]. 
1 T h e group KQ(R) 
Let R be an associative ring with 1. We consider left modules over R. 
1.1 Definition The Grothendieck group KQ(R) is an additive group defined 
by generators and relations as follows. We take one generator [P], for each 
isomorphism class of finitely generated projective i2-modules Ρ (so [P] —- \Q\ if 
Ρ = Q) and one relation 
[P] + [Q] = [Ρ Θ Q] 
for each pair P, Q of finitely generated projective ñ-modules. 
1.2 Proposi t ion Let F be a fsJcew) fìeld. Then K0(F) ~ Z. 
The proof follows from the observation that finitely generated projective F-
modules are in fact finite dimensional vector spaces over F. The map 
[V]·—»dirnHV), 
where V is a finite dimensional F-space induces the isomorphism Ko(F) —-> Z. 
1.3 Proposi t ion Ko(Z) = Z. 
A Z-module is just an abelian group and a finitely generated projective Z-
module is thus a free abelian group group of finite rank. One can check that 
the map [P] >-> rank Ρ gives the isomorphism. 
1 
The situation becomes more interesting when R is an arbitrary Dedekind do­
main. 
1.4 Definition A Dedekind domain is a commutative ring without zero divi­
sors such that, for any pair of ideals α С b, there exists an ideal с with α = be 
('To contain is to divide'). 
1.5 T h e o r e m The ring of algebraic integers in a number field is a Dedekind 
domain. 
P R O O F . See for instance Milnor [21]. [] 
1.6 Definition Two non-zero ideals α and b in a Dedekind domain R are called 
equivalent if there exist non-zero ring elements χ and у such that ία = yb. The 
set of equivalence classes—also called ideal classes —form an abelian group under 
multiplication with the class of principal ideals as identity element. This group 
is called the ideaJ cJass group of R and is denoted by Ci(R). 
R e m a r k It is well known, that the ideal class group CÎ(OF), where Op is the 
ring of integers in a number field F, is a finite abelian group. 
Let {a} denote the class of a. Note that {a} — {b} if and only if α is isomorphic, 
as i?-module, to b. It can be shown that any finitely generated projective Ä-
module is isomorphic to a direct sum αϊ φ · · · θ α
Γ
 of ideals. 
1.7 T h e o r e m Let R be a DedeJcind domain. Then we have an isomorphism 
Ko(R) ^ Z 0 ö ( ß ) , 
given by the map 
[αϊ Θ · · · θ α
Ρ
] ·—> (Γ,{αι···α
Γ
}). 
P R O O F . See Milnor [21] for the details. [] 
Let ƒ : R —* S be a homomorphism between rings. Let Ρ be a finitely gener­
ated projective A-module. Then the map 
[P] —» [S ®R P] 
induces an homomorphism 
Kof-.KoiR)— >Ko(S) 
of abelian groups. If g: S —> Τ is another ring homomorphism, we easily obtain 
(Ko9)(Kof) - K0{gf), 
2 
and also iï"o(identity) = identity. Thus we have a functor 
K0: Rg —> Ab, 
where Rg is the category of rings and ring homomorphisms and Ab the category 
of abelian groups and group homomorphisms. 
That part of algebraic AT-theory which is concerned with KQ may be regarded 
as an attempt to generalize elementary facts from linear algebra—such as the 
dimension of a vector space—to modules over an arbitrary ring; calculation of 
KQ(R) measures in some sense the extent to which finitely generated projective 
.R-modules have a dimension theory like that for vector spaces. 
2 The group K^R) 
Let R be an associative ring with 1. Let GLn(R) denote the genera/ linear group 
of all η χ n-matrices with coefficients in R. Let el](x) be the elementary matrix 
which differs from the η χ η-identity matrix I
n
 only in the i,j position (г ƒ j), 
where its entry is χ ζ R. The eJementary iinear group E
n
(R) is defined as the 
subgroup of GL
n
(R) generated by all ε
υ
( χ ) with 1 < i,j < n,i ψ j , and χ Ç R. 
For each η > 1, the group GL
n
(R) is injected in GL
n+i(R) by the map 
We thus obtain a sequence 
Д* = GLi(R) <—• GL2{R) <- -> GL3(R) <—>•••. 
The stable linear group GL(R) is defined as the limit limGrLrj(iî) = J GLn(R). 
In a similar way, using (1), we define the stable elementary linear group E(R) 
as the limit \\mEn{R). 
η 
2.1 Lemma (Whitehead) The subgroup E{R) С GL(R) generated by all 
elementary matrices is precisely equal to the commutator subgroup ofGL(R). 
P R O O F . See [21] [] 
Consequently, E(R) is a normal subgroup, and the quotient GL(R)/E(R) is a 
well defined abelian group. 
2.2 Definition The Whitehead group Ki(R) is defined to be the abelian group 
GL{R)/E(R). 
Any ring homomorphism ƒ : R —> 5 gives rise to a homomorphism 
Klf:K1(R)—>K1(S) 
3 
making Ä"i into a functor from Rg to Ab. 
Now let R be commutative. The special linear group SLn(R) is defined as 
the subgroup oiGLn(R) generated by all matrices of determinant 1. The stable 
special linear group SL{R) is defined as the limit limSLn(R). Consider the 
determinant map 
det:GL(R) -^R'. 
The kernel is obviously the group SL(R). The determinant map is split by the 
homomorphism 
R' = GL1(R)^>GL{R). 
Therefore we have an isomorphism 
K^R) ^ R* θ SL(R)/E{R). 
2.3 Definition The special Whitehead group SKi(R) is defined to be the 
quotient SL(R)/E(R). 
In many interesting cases the special linear group SL(R) is generated by ele­
mentary matrices, and therefore 
K1(R)^R'. 
This is for instance the case when R is a field, a local ring, or if R possesses 
an Euclidean algorithm, or if R is the ring integers in a finite extension of the 
rational numbers. Especially for rings of integers or localizations thereof, we 
have the following 
2.4 Theorem И R is a Dedekind domain, with quotient Held finite over the 
rationals, then SKi(R) = 0. Speciaiiy, if η > 3, we have SL
n
(R) = E
n
(R). 
For a proof Bass-Milnor-Serre [1] and Milnor [21]. 
3 T h e group K2{R) 
Let R be an associative ring with 1. The elementary linear group E
n
(R) is 
generated by the elementary matrices etj(A), λ € R, i Φ j , and these matrices 
satisfy certain relations, for instance 
(ii) [etJ(\),eji(ß)} - ε,ι(λμ) for г φ I and 
(iii) [е
і;(А),е>кІ(/і)] = 1 for j φ к,i φ I, 
where [u,i'] = ш ' и - 1 ! ' " 1 and λ,μ 6 R- In general, the relations (i),(ii) and (iii) 
do not form a set of defining relations for E
n
(R). 
To imitate the behavior of elementary matrices, we introduce an abstract 
group defined by generators and relations. 
4 
3.1 Definition Let η > 3. The Steinberg group of R, St(n,R), is the (non-
abelian) group with the following presentation: 
Generators: x*', with 1 < i,j < η,ι / j , λ € R, 
Relations : 
(i) ** < = x ^ , 
(ii) [ « ^ « ^ ^ i ^ f o r i ^ / a n d 
(Ш) [ i ^ x ï ^ l f o r j / i . f ^ Z . 
We can define a map 
ф:Зі{п,П) -^GL
n
(R) 
by the correspondence 
From the definition of St(n, R), it is clear that φ is a homomorphism. Passing to 
the direct limit as η —• oo, we obtain corresponding groups and a corresponding 
homomorphism 
0:5<(Д) —>GL(R). 
3.2 Definition The kernel of the homomorphism φ: St(R) —> GL(R) will be 
called А^Д) · 
3.3 Theorem The group K2{R) is precisely the center of the Steinberg group 
St(R). 
P R O O F . See Milnor [21]. [] 
Consequently, the group KÎ(R) is abelian and we have a short exact sequence 
1 — . K2{R) —* St{R) —» E{R) —> 1, 
or indeed 
1 —» K2{R) —» St(R) —> GL(R) —> KiiR) —• 1. 
Of course, if K2(R) = 0, then 5<(Д) ^^» E(R), and then the Steinberg relations 
are a set of defining relations for E(R). We may think of Ä^Ä) , in general, as 
measuring the extent to which the Steinberg relations fail to be a set of defining 
relations for E(R). 
As with K0 and Κχ, one can show that we have a functor 
A:2:Rg —» Ab. 
5 
3.4 Theorem (Matsumoto) Let F be a ñeld. The ahehan group Ä ^ F ) 
has a presentation, in terms of generators and relations as follows. The given 
generators {a, b}, with a and b in F*, are subject only to the following relations 
and their consequences: 
{αϊаг,&} = {ai,ò}{o2,b} for all ai,tt2,6 € F', 
{b,a} =- {a,ft} -1 for all о,Ь С F', 
{а, 1 - a} - 1 for all α G F*, a ^ 1. 
P R O O F . See [19] or [21]. [] 
An easy consequence is the relation {a, —a} — 1 for α S F*. 
3.5 Proposition If F is a finite fieid, then KiiF) = {I}. 
PROOF. Let ζ be a generator of F*. For x,y € F', using Matsumoto's 
theorem, the symbol {x,y} is a power of {C>C}· The element {ζ,ζ} is of at 
most order 2: 
{С,С}2 = {С,< 2 Ь{С,(-0 2 }-{С,-С} 2 = і· 
If char(F) = 2, then we are done since ( is of odd order in F*. If char(F) "•> 2, 
a counting argument shows that there exists an χ С F* such that both χ and 
1-х are odd powers of ζ, which implies that {ζ, ζ} is of odd order and hence 
{(,(} = !· D 
In this thesis we are interested in the group K2(Op), where Op is the ring of 
integers in a number field F. The simplest example of such a ring is Z. We 
have the following 
3.6 Theorem The group A ^ Z ) is cyciic of order 2 generated by the element 
( · Γ 1 2 · Γ 2 1 χ12 ) · 
P R O O F . See Milnor [21]. Ρ 
4 Symbols a n d K2 
4.1 Definition Let F be a field and A be an abelian group. A map 
s:F* x F * —» A 
is called a Steinberg symbol on F with values in A if 
я(аі02, b) — .s(üi, 6).ч(и2,6) for all аі,а2,Ь С F*, 
s(b,a) = s{a,b) ' for alio, o f F*, 
s(a,l a) - 1 forali a <_ F " , а * 1. 
6 
We will give some examples. 
Example 1 Suppose г» is a discrete valuation of F, with residue field k
v
. Let 
p denote the valuation ideal of the valuation ring of v. Then 
( α , 6 ) / = ' ( - 1 ) ^ Μ " > ^ (mod ρ) 
is a Steinberg symbol on F with values in fc*. It is called the tame symbol 
associated with v. Cf. e.g. [21, p98]. 
Example 2 On R, a Steinberg symbol can be defined in the following way 
a, b\
 d c ( , sgn (a) - 1 sgn (t>) - 1 
Example 3 From Matsumoto's theorem (see the previous section) it follows 
that { , } is a Steinberg symbol on F with values in K2{F), and it is a universal 
Steinberg symbol in the sense that if s is a Steinberg symbol on F with values in 
A, there exists a unique homomorphism λ,: Ä ^ F ) —> A such that the following 
diagram commutes 
F* χ F' -^~ K2(F) \ A 
A 
4.2 Theorem (Tate-Gauß) The group A"2(Q) is canonicaJJy isomorphic to 
the direct sum 
{±і} ф г ; , 
ρ 
where the sum is taien over aJ] odd primes p, and Fp denotes the prime field 
with ρ elements. The isomorphism is in fact given by 
{a, b} y- •+ l Í - ¿ - J , (a, b)V3 , (a, b)Vs , (a, b)Vj ,...). 
PROOF. The proof is essentially the argument that Gauß used in his first proof 
of the quadratic reciprocity law in the Disquisitiones, by an induction over the 
primes. Gaufl was in fact classifying symbols on Q with values in a group of 
order 2. See [2] or [21, pplOl] for details. [] 
Let F be a number field and let Op be the ring of integers in F . The tame 
symbols (, )„ for finite primes ρ on F, induce homomorphisms from K2(F) to 
the multiplicative groups of the residue fields k
v
 of F : 
rp:K2(F) —» k; 
{a,b} Í—* (а,Ь)„„. 
7 
Combined they give rise to a homomorphism 
T..K2(F)-*®k;, 
ρ 
the kernel of which is called the tame kerneJ. 
4.3 Theorem The group Кг(ор) coincides with the tame kernel. 
This theorem follows from the existence of a long exact sequence in algebraic 
K-theory, which connects the /f-groups of a Dedekind domain R with the K-
groups of its quotient field F and its residue fields fcp (p a maximal ideal of 
R): 
·•• -» K3(F) -» 0tf2(fcp) > K2(R) - . K2(F) ^ Q K ^ V ) - · · · . 
ρ ρ 
For a number field F, one has ^ ( ^ p ) = 0, since the residue fields k
v
 are finite. 
Furthermore, by theorem 2.4, we have SKI(OF) -- 0, and therefore the map 
K1(OF)^K1(F), 
is injective. Thus we obtain from the long exact sequence the following short 
exact sequence 
O^K2(OF) -+K2(F)^Q)k;^(). 
ρ 
Furthermore we have the following 
4.4 Theorem (Garland) The tame Iceniei / ^ ( O F ) I S a ^n^e abeiian group. 
P R O O F . See [6]. Q 
One also considers localizations of the ring Of. Let S be a finite set of primes 
of F, containing the infinite primes of F. An α e F is called an 5-integer, if 
Z'P(Q) > 0 for all primes ρ of F with ρ £ 5. The ring of 5-integers in F is 
denoted OF.S- III a similar way as before, we have a surjective map induced by 
the tame symbols: 
rs = (rp)pgs:if2(í') — ф л ; . 
pes 
Thus we obtain a short exact sequence 
0 — ^ k e r r s ^K2(F) • ф і · ; — , 0 , 
ves 
and we have 
A'2(Of\s) - k e r r s . 
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Using an argument involving the snake lemma we obtain 
0 — » t f 2 ( 0 F ) — . # 2 ( 0 , . , 5 ) — > 0 * ; — 0 . (2) 
H«. S 
fìnite 
A special situation that we will consider is the following. Let S only contain 
the p-adic primes of F and the infinite ones. Then 
OF,S = Ori1-]. 
Consider the p-power map on all the groups in sequence (2). Using the snake 
lemma, we then obtain an isomorphism 
K2(0F)/P ^ KtiOpftyp, 
since the group ф
р
| A-'jJ has no p-torsion. 
5 Elements of ^ ( Д ) 
Let R be a commutative ring. In this section we will consider some special 
elements in А ^ Д ) . We refer to [21] or [5] for more background. 
5.1 Definition Let u,v be units in Д. Then we define for all positive integers 
i,j with i φ j the following elements in St(R): 
w,j(u) " = < , * ; , " ' z y . 
Ä,J(U) = wtJ(u)wt]{ — l) and 
{u,v}lJ = htj{uv)h,](u)~'ihlJ(v)-~1. 
Obviously we have 
w~l(u) = wl](—u) and / Ï I JU) = 1· 
Then under the map St(R) —> E(R) we have 
and 
It can be shown that the element {u, i '}, ; e ^ ( Д ) does not depend on the index 
ij. Deleting the index ij, we obtain the Steinberg symbol {u,v} € А ^ Д ) . 
9 
5.2 Definition Let Л be a commutative ring with 1. Let a, 6 € R such that 
1 - ab ^ R'. The Dennis-Stein symbol (o, b) e K2(R) is defined as follows 
, , \ -6(1 об) ' a i , a(l-afc) ' , , , L\-1 
(a,b) — x2l x12 x2l ï j j /112(1 - oo) 
Remark Instead of 1 ·+ αδ Ρ R* as used by Dennis and Stein [5], we take 
1 - oò e Л*. 
In K2{R) the following relations hold, whenever the left-hand side is defined 
(see [21, 14]). 
{rir2,s} 
{ris} 
{r,-r} 
{ r , l - 7-} 
(a,b) 
'a,b){a,c) 
(a, be) 
{r,s} 
= 
-
— 
-
= 
= 
= 
= 
{ri,s}{r2,s} 
{ , ,Γ}" 1 
1 
1 
(6, α ) " 1 
(α, b + с - abc) 
{а,Ь,с)(ас,Ь) 
((1-r),-1,,) 
From the relation (α, b)(α, с) — (α, b + c — abc), it is clear that powers of Dennis-
Stein symbols, are themselves Dennis-Stein symbols. Dennis-Stein symbols are 
related to Steinberg symbols in the following way 
/ i,\ _ ƒ {a' * _ ab} if a ё Д* 
{ a , )
 \ { l - o ò , b } if 6 С Л * . 
Without being complete, we will give some examples of groups К2(Ор) that 
have been computed. 
5.3 Theorem Consider the first six imaginary quadratic fieids F — Q(v<f), 
with discriminants dF = - 3 , - 4 , - 7 , - 8 , - 1 1 and -15. Then K2(0F) = 0 if 
dp 't 1 (mod 8) and ^ ( O F ) is of order 2 generated by the symboi { —1, —1} 
if dF = 1 (mod 8). 
P R O O F . See Tate [27]. [] 
5.4 Theorem Let F be the real quadratic fíeld Q(va) and Jet ε be the fun­
damental unit. Ifd — 2, 5,13, then Ä ^ O f ) JS of order 4 and generated by the 
Steinberg symbols {-1, -1} and {-Ι,ε}. 
If d — 3, then K2(OF) is of order 4 and is generated by the Dennis-Stein sym-
bois { 1,-1} and \1 -t- 4/3,1 - у/3). 
Ifd = 6, then К2(Ор) is of order 12 and generated by the Dennis-Stein symbols 
{-1, -1}, (2 f- V'C, 2 - \/б) and (2 } у 6,2} where the last one is of order 3. 
10 
lid = 1 7 , then КъіОр ) is of order 8 and generated by the Dennis-Stein symbois 
{-1,-1}, {-1,£} and ( 5 ± ^ , ^ Р > . 
Ifd = 21, then К2(Ор) is of order 8 and generated by the Dennis-Stein symbois 
{-1,- 1}, {-Ι,ε} and {(4 - y/ñ)e,i + 2І). 
P R O O F . See Hurrelbrink [7, 8]. |] 
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Chapter II 
A weak form of the 
Birch-Tate conjecture 
1 Introduction 
At the end of the sixties Tate and Birch [2, 17] conjectured, for a totally real 
field F, an intimate connection between the size of the tame kernel Κ2(Ορ) and 
the value of the Dedekind Ç-function at —1. To be precise we have the following 
Conjecture (Birch-Tate) Let F be a totally real number field. Then 
#K2(OF) = \W2(F)-CF(-1)]. 
Here W2{F), is defined as the largest integer ƒ such that the Galois group 
Gal(F(C /) /F) is annihilated by 2. 
The Birch-Tate conjecture is implied by the so-called 'main conjecture' in Iwa-
sawa theory. In 1984, Mazur and Wiles presented a proof of this 'main conjec-
ture' in Iwasawa theory, for all totally real abelian number fields and all odd 
primes. See [20]. As a consequence of this one has the following deep result: 
Theorem (Mazur-Wiles) Let F be a totally real abelian number field. Then 
the p-part of #K2(OF) is equal to the p-part ofw2(F) · (F( — l), for all primes 
p¿2.1 
In this chapter we will prove a weaker formulation of the Birch-Tate conjecture: 
Theorem (weak Birch-Tate) Let ρ be a prime number, ρ > 5. Let F be a 
real abelian number field. Suppose ρ \ \F : Q] · cond(F). If ρ j ζρ(-Ι), then the 
p-primary part of the tame kernel Ki^Op) is trivial. 
'Recently, this was proved for F totally real by A. Wiles [30]. 
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Thus we prove nothing new, but we will give a direct proof of this weak Birch-
Tate conjecture. The method of proof is used in the next chapter in the general 
abelian case ( F not necessary real). The main ingredients for the proof are 
Stickelberger theory and the p-adic Kubota-Leopoldt L-function. 
2 N o t a t i o n 
Throughout this chapter we fix the following notation: 
• p, an odd prime number, 
• ζ
ρ
, a primitive p-th root of unity, 
• F, a number field not containing £p, 
• E, the number field F((p), 
• μ
ρ
, the group of p-th roots of unity in E and 
• Γ, the Galois group GA\(E/F). 
Hence we have the following lattice of fields: 
Q(CP) 
Q -
ПС,) - E 
3 A short exact sequence 
We will consider the following short exact sequence taken from Kenne [15] which 
is based on work of Tate [28): 
0^(μ
ρ
®α(Ο
Ε
[1-]))Γ ^K2(0F)/p^ 0 / i p - > 0 . (1) 
pes' 
Here S' is the set of p-adic primes of F that split completely in E. The action 
of Γ on μ
ρ
®α(θΕ[1-}) is given by 
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where ζ С ftp, χ G CÎ(OE[1}), σ G Г. For a definition of the map ¿ see Chapter 
IV. For exactness of sequence (1), we refer to [15]. This short exact sequence is 
used throughout this thesis. 
The group Opgs- μ
Ρ
 is non-trivial for only a finite number of primes p. Let ρ 
be a prime ideal belonging to 5'. Then ρ | p, and ρ splits completely in E. Since 
ρ is totally ramified in Q((p), the prime ρ ramifies in F and thus divides disc(F). 
Therefore, if ρ f disc(F), the set 5' is empty and we have an isomorphism 
(μρ®α(οΕιϊι))Γ ^K2(OF)/P. (2) 
3.1 Proposition There is a natural surjection 
(μ
ρ
®α(ο
Ε
))Γ —»(μρ®α(οΕιί}))Γ. 
P R O O F . Let W be the subgroup of CÎ(OE) generated by the classes [p] where 
ρ lies over p. Then we have a short exact sequence 
о _ w —> a(oE) —» ЩОЕІ1-]) — • о. 
Tensoring with μ
ρ
 we obtain 
ßp®W - Д μ
ρ
®α(0Ε)-^μ
Ρ
®&(0
Ε
[1}) —» 0. 
Let X be the group (μρ ® W)/ кет f. Then we have a short exact sequence 
0 —» X -U μ
ρ
 ® ЩОЕ) -^μ
Ρ
® CI(OE[$]) —» 0. 
Taking Г-invariants we get 
ο—^χ
τ
 -*(μ
Ρ
®α(ο
Ε
))Γ —» (мр с^овф)) 1 , — яЧ^.г) · 
But Η1 (Χ, Γ) is trivial since the order of Γ divides p—1 and Χ is a p-group. [] 
This proposition and equation (2) lead immediately to the following 
3.2 Corollary Suppose ρ f disc(F). if the group (μρ ® CÎ(OE)) is trivial, then 
the p-primary part of the tame kernel КгіОр) is trivial. 
4 Characters 
Dirichlet characters 
4.1 Definition (See Iwasawa [9]) Let η be a positive integer. A map 
from the ring of integers Ζ to the complex field С is called a Dirichiet character 
to the modulus n, if it satisfies the following conditions 
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(i) χ(α) depends only upon the residue class of α mod n, 
(ii) x{ab) = x(a)x{b) for any a, b e Ζ, 
(iii) χ(α) φ 0 iff ο is prime to n: (a, n) = 1. 
Obviously there is a one-to-one correspondence between such Dirichlet char­
acters and the ordinary characters( = homomorphisms) of the group (Z/nZ)* 
into C*: 
{ Dirichlet characters to the modulus η } <—• Hom ((Z/nZ)* , C * ) . 
Hence a Dirichlet character to the modulus η is usually identified with the 
corresponding character of (Z/nZ)*. 
Let χ' be a Dirichlet character to a modulus m and let τη be a factor of n. 
Let α € Ζ. Define χ: Ζ -» С, by 
*
W
~ \ 0 , i f ( a , n ) > l . 
Then χ is a Dirichlet character to the modulus n. We say that the character 
χ is induced from χ'. A Dirichlet character χ to a modulus η is called primitive, 
if χ is not induced from any character to a modulus m with m < n. Then η 
is called the conductor of χ and is sometimes denoted by Д.. From now on, all 
the Dirichlet characters we consider will be assumed as primitive. 
Let χι and X2 be such (primitive) Dirichlet characters and let ƒ and g be the 
respective conductors. Then there is a unique (primitive) Dirichlet character χ 
with conductor h dividing f g such that for integers о prime to f g we have 
χ(α) = χι(α)·χ2(α). 
Then χ is called the product of χι and X2 and denoted 
Χ = ΧιΧ2· 
Note that χ(α) — χι(α) • X2(o,) is not necessarily true if {a,fg) > 1. If χι 
and X2 have relatively prime conductors, that is (ƒ,3) = 1, then χ = χ\χ2 has 
conductor h = fg. 
The set of all primitive Dirichlet characters form an abelian group with 
respect to the above multiplication. The identity of the group is the principal 
character \ 0 defined by \ 0 (a) = 1 for all α G Ζ; this is the unique character with 
conductor 1. Usually we will denote χ0 by 1. We divide Dirichlet characters 
into two classes: 
if / x ( - 1 ) = 1 then ¡x is Called even ' 
1 ( —1) = — 1 \χ is called odd. 
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Define for a Dirichlet character χ 
, л±( JO, if χ is even, 
* \ 1, if χ is odd. 
Let K/Q be an abelian extension of number fields with Galois group H. 
Then К is contained, by the Kronecker-Weber theorem, in the cyclotomic field 
Q(£
n
), for some integer n. Assume that η is minimal. Then η is called the 
conductor of K. 
4.2 Definition For A a finite abelian group define A — Нот(А, С*). 
Any χ 6 Η, i.e. a homomorphism χ : Gal (K/Q) —» C* gives rise to a homo­
morphism 
Gal(Q(C„)/Q) —» Gal (K/Q) —> C* 
given by the correspondence 
σ
,—>χ(σ\κ) 
for all σ € Gal(Q(£n)/Q). This homomorphism can be viewed as a Dirichlet 
character to the modulus n. Let σ
α
 denote—for a relatively prime to η—the 
Q-automorphism that sends ζη to ζ". We then have an isomorphism 
(Z/nZ)' - > G a l ( Q ( C
n
) / Q ) , 
given by the correspondence 
α ι—> σ
α
. 
Hence we can write (by abuse of language) 
λ(δ) = χ(σ
α
\κ)-
However the character χ is not necessarily primitive. The primitive Dirichlet 
character that it induces, will also be denoted by \. Its conductor is a divisor of 
n. We will not distinguish between characters on (Z/nZ)* and Gal (Q((
n
)/Q). 
From now on, we assume that the number field F is abelian. We fix the 
following notation 
• F, an abelian number field of conductor ƒ, 
• G, the Galois group Gal(.E/Q), 
• Γ, the Galois group Gal(.E/F) and 
• Δ, the Galois group Gal(F/Q). 
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Assumption. Let (ρ, f) = 1. 
Then we have F Π Q(Cp) = Q, and as a consequence an isomorphism 
r-^Gal(Q(Cp)/Q). 
Furthermore, we have then an isomorphism 
φ: G -^ Γ χ Δ 
given by the correspondence 
σ ι—> Η ρ κ ^ , σ Ι ^ ) . 
We have the following lattice of fields 
Q(0) ' 
F - " г 
Δ 
Q ^ Г 
Q(Cp/) 
Q(CP) 
4.3 Definition Let χ and φ be characters defined on Γ and Δ respectively. 
Then we define a character χ χ φ on G, in the following way 
(X x Φ) (σ) = X M Q ( C I , ) ) · φ(σ\ρ) for all σ € G. 
The map 
Γ χ Δ 
ίχ,Ψ) 
G 
Χ * Φ, 
is an isomorphism of abelian groups with inverse map 
G -
X "-
Γ χ Δ 
(σ ~ χ ( 0 - V , i d ) ) , τ -» χ {φ-ι(ί<1,τ))) . 
The character χ χ φ on G, can also be viewed as a character on Γ χ Δ. We will 
not distinguish between both views. 
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Let χ and φ be characters defined on Γ and Δ respectively. Then in view of 
the homomorphisms 
(Z/p/Z)* - ^ Gal (Q(Cp/)/Q) - . G ^ C ' , 
we have 
с mod pf t-» σ
Γ
 >-> cr
c
|F(C p ) >-» \ ( a c i Q ( C p ) ) • V ' ^ C I F ) · 
Now, by abuse of language, we have 
X ^ C I Q U , ) ) · Ψ(<7ε\ρ) = x{c mod p) · V'(c mod ƒ). 
Let fi and /2 be the conductors of χ and V respectively. Then (/i,/2) = 1, 
since fi I ρ and /2 | ƒ. We have a commutative diagram 
(Z/p/Z)* - ^ G<u(Q((pf)/Q) — , G 
1 l x ^ 
(Z/Zi/jZ)· ^ . c * 
which makes clear that 
χψ, 
is the primitive Dirichlet character, that induces the character χ χ φ. 
p-adic characters 
Let ρ be a prime number, Qp be the field of p-adic numbers and Qp be an 
algebraic closure of Qp. The absolute value on Qp extends uniquely to Qp; we 
normalize by ¡p| = 1 , where | | denotes the p-adic absolute value on Qp. Let 
Cp be the completion of Qp with respect to the p-adic absolute value. We can 
embed С in Cp. 
We fix now, once and for all, an embedding С •—» Cp. So our complex-
valued Dirichlet characters can be viewed as Cp-valued Dirichlet characters. We 
will sometimes refer to these as p-adic Dirichlet characters. 
4.4 Definition The group V, of all roots of unity in Qp, is a cyclic group 
of order ρ - 1. For each integer a, prime to p, there exists a unique element 
ü;(a) in V, such that ω(α) = a(modpZp), and the map α >-» ω(α) defines a 
homomorphism of (Z/pZ)* into V, namely, a character ω of (Z/pZ)* (and of 
Γ). This character is called the TeicimiiiiJer character ω. Since the order of ω 
is ρ - 1, each character \ of Γ is a power of ω : χ — ω'. The group V in Cp 
can be identified with the group of roots of unity in С with order ρ - 1 via the 
fixed embedding С <—> Cp. Hence we obtain a map 
(Z/pZ)* - » c * 
α (mod p) •—> t¿(a). 
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Clearly, this is a Dirichlet character of conductor p, and again we denote it by 
ω. 
For more details about Dirichlet characters, see [9]. 
5 Orthogonal idempotents 
5.1 Definition Let Я be a finite abelian group. For each character χ of H, 
i.e. a homomorphism χ: Η —» С*, we define an element ε
χ
 in the group ring 
Qffl by 
Here Q is the algebraic closure of Q. 
We have the following relations: 
(0 4 = εχ; 
(ii) ε
χ
εψ =0ι1χφψ; 
(»Ο Έ
Χ£Η^Χ = ^ 
(iv) σε
χ
 =χ{σ)·ε
χ
. 
The e
x
' s are called the orthogonal idempotents of the group ring Q[H]. If A is 
any module over Qf-H], we define 
A
x =
 e
x(^) · 
Each σ € Η acts on Л, and Α
χ
 is the eigenspace with eigenvalue χ(σ) by (iv). 
By (iii), A is de direct sum of all such submodules Α
χ
. Hence we have 
A = φ A
x
. 
Note that all of the above still works, if Q is replaced by any (commutative) 
ring which contains the values of all χ G H and in which \H\ is invertible. Hence 
we may take instead of Q the ring 
Z [ ^ , X ( l U ( 2 ) , . . . ] x e 5 . 
In the case we consider p-adic characters, we can replace Ζ by Zp in the above 
formula. 
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Application 
Assumption. From now on assume that p\ \F : Q]. Then necessarily we have 
P t | G | . 
5.2 Definition Let О denote the ring Ζρ[χ(1), χ(2),...] p . Let η be the 
exponent of G. Then it is easy to see that О = Ζ
Ρ
Ιζ
η
]. Since ρ f |G|, we have 
ρ
 i
 η and thus the prime ideal pZp is unramified in Qp(Cn)· Hence pö is the 
maximal ideal of O, and O/pO is a field. 
5.3 Definition Let M be a Zp[G]-module. Since we have isomorphisms 
0®ZpM ~->ö ®Zp (Zp[G] ®XrlG] M) ^ > 0[G] ®ZPIG} M, 
we can view Ö ®zr M as an ö[G]-module by defining 
g(x ® m) = χ ® gm 
for all g € G, χ e О and m € M. 
The injections 
Г < — » Γ χ Δ Δ < — > Γ χ Δ 
c i — > (с, 1) d i — • (l,d) 
induce injective maps 
σ[Γ],σ[Δ] <-^ σ [ Γ χ Δ ] 
5.4 Lemma Let φ e Γ and χ С Δ. Let M be an 0[Γ x ^¡-module then we 
have an isomorphism 
εψ*χ(Μ) -^εφ{ε
χ
{Μ)) 
P R O O F . We have 
ёф 
'
ε χ =
 ]Γ\\Η\ Σ (Фхх)(»,Ф~\* 1)=4xx-
»ег,(ед 
D 
For an integer i, consider the following idempotents in the group ring 0[T\: 
p - l 
*-=ΛΣ-»-
-1
 - ΑΣ-Ж-
1
· 
^ ^еГ ^ a=l 
Note that ε
ω
. is in fact contained in Ζ
Ρ
[Γ]. 
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5.5 Propos i t ion Let M be a Zp[G]-modu]e and г an integer. Then we have 
ë„. {0®zrM) =0®ζ
ρ
ε
ω
·Μ 
and 
^ . ( O ® z , M ) - 0 ( O ®
z
, J t f )
w
.
x x 
as 0[G]-inoduJes. 
P R O O F . For the first equality we have 
ε„ . ( ι®τη) = 
: п ( 8
щ Е
и ; , ( < т ) ( < г " 1 ' 1 ) | т 
те 
ι ® ε^.τη. 
То obtain the isomorphism, use the following identity: 
ε
ω
. =(1,1)ε
ω
. = Ι Σ
ε
χ ] ε«' = Ι Σ ε χ ) ε"' = Σε"'χχ· 
VxeA / \χ€Δ / χ€Δ 
Notat ion 
• Let A denote the p-primary part of СІ(ОЕ)-
Then we have isomorphisms 
(μ
ρ
 ® α(0
Ε
))Γ ^ {μ
ρ
 ® Α)Γ ^ (μ
ρ
 ® A/A^f . 
Using idempotents in the group ring 0[Γ], we can prove the following 
5.6 Propos i t ion We have an isomorphism 
P R O O F . 
(μ
ρ
®Α)Γ ^(A/A*) 
(μ
ρ
®Α)Γ = {νβμ
ρ
®Α\νσ =
 ν
,νσΕΤ} 
(μ
ρ
®Α)Τ * (μ
ρ
®Α/ΑΡ)Γ 
= {(®x\C ®χσ = ζ®χ, νσ e Γ } 
- {ζ ® χ Ι ζ"*-^ ® χ" = ζ ® χ, νσ e г } 
= {ζ®χ\ζ®χσ = ζ®χ" , ( σ ) , а е Г } 
S {x\x° =Έω 1 ( < г ), а е Г } 
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5.7 Proposition Suppose ρ f [F : Q] · cond(F). If for all characters χ on Δ, 
tiie group (О <8>z A/Ap) , is triviai, then the р-ргітагу part of the tame 
kernel / ^ ( O f ) is trivial. 
P R O O F . Since we obviously have 
е
ш
..(А/А') = {1} ^ I
u
.t(A/A',) = {lh 
we obtain from Propositions 5.5 and 5.G the equivalence 
(μ
ρ
®α(0
Ε
))Γ -{1} <=* (0®ZpA/A')„ 1χχ = {1} for all χ € Δ. 
By the Conductor-Discriminant formula, we have ρ \ disc(F). Now use corol­
lary 3.2 to conclude the proof. [] 
Remark The module О ®z A/Ap is evidently a O/pO-vector space. 
In the next section we will define Sticieiberger eiements in the group ring 
Z[Gal (E/Q)} which annihilate the ideal class group C¿(OE)· This Stickelberger 
theory will be used to attack the module (Ο ®ζ
ρ
 A/Ap) , . 
6 Stickelberger Theory 
Let К be an abelian number field and let Η = Ga\(K/Q). The field К is 
contained, by the Kronecker-Weber theorem, in the cyclotomic field Q(Cm) for 
some τη. We assume m is minimal. Then m is called the conductor of K. 
The Galois group H may be regarded as a quotient of (Z/m)*. Let σ
α
 € 
Gal(Q(Cm)/Q) be defined by (Ta((m) = (^ if (a, τη) = 1. Denote the restriction 
of σ
α
 to К also by σ
α
. For ι f R define 
{x} = fractional part of x, 
hence χ - {χ} is an integer and 0 < {x} < 1. 
6.1 Definition The Stickelberger element θ is defined to be 
m 
a(mod τη) a—1 
( 0 , m ) = l ( a , m ) - l 
The Stickelberger ideal I(K) is defined to be 
Д А ' ) - Ζ'Η}ηθΖ[Η], 
in other words, those Z[H]-multiples of θ which have integral coefficients. 
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6.2 Theorem (Stickelberger) Let a be a fractional ideal of K. Let β € 
Ζ [Я] and suppose βθ e Ζ [Я]. Then α^θ is a principal ideal. Therefore, the 
Stickelberger ideal annihilates the ideal class group СІ(Ок)-
P R O O F . See [29] for details. [] 
6.3 Lemma Let с e Ζ and (с, m) = 1. Then (с - <т
с
) θ 6 Ζ [Η]. 
P R O O F . 
(с-а
с
) = (с-а
с
) ^ { ^ К 1 
a(mod m) 
= Σ И^Ь^ШК
1 
a(tnod m) 
( a , m ) = l 
Σ и-м-ж-
1 
a(mod m) 
(a,m) = l 
Σ H^-f + f-Í^K1 eZ[Ä]. 
o(mod τη) 
( o , m ) = l 
This leads to the following 
6.4 Corollary The eJement (c — cr
c
) θ is contained in the Stickelberger ideal 
I{K). 
6.5 Definition Define the (ordinary) ВегаоиШ numbers B
n
 by the formula 
t ^ tn 
71 = 0 
The Bernoulli numbers are rational numbers. For example, BQ = 1, B^ — - | , 
Яг — \, Вз = 0 and in fact Вгм+і ~ 0 for k > 1. 
These Bernoulli numbers are closely related to the class number of Q(£p). Kum­
mer proved the following 
6.6 Theorem (Kummer) The prime number ρ divides the ciass number of 
Q((p) iffp divides the numerator of some Bk, к = 2,4,6,... ,p — 3. 
P R O O F . See [29, p78]. [] 
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Remark A stronger statement is given in theorem 8.1 
6.7 Definition Let χ be a Dirichlet character. Let ƒ be the conductor of χ. 
The generalized Bernoulli numbers -Βη,χ are defined by the formula 
^ X(a)te«_ _ ^ Г 
¿ ^
 eft-I - 2 ^ . *
η ! · 
α=1 τι-Ο 
Let Q{x) denote the field generated over Q by all the values χ(α),ο € Ζ. It is 
then clear that B
n<x is contained in Q(x). Note that when χ — 1 we have 
^ „ Í" te' t 
'^^ η! e' - 1 e1 — 1 
n-0 
so В
П і 1 — Б п except for η = 1, when we have Від = J, ß i = — | . Calculation 
shows that if χ is a non-trivial character of conductor ƒ we have 
Furthermore we have the following fact: 
BntX = 0 iff η ? 6X (mod 2), 
with the usual exception .Від = | . 
6.8 Definition Let χ be a Dirichlet character. The (ordinary) L-function 
associated with χ, is defined by 
£(«.*) = Σ ^ Г ' K(s)>i. 
¿
—' η' 
η—ι 
By analytic continuation, L(s,x) can be extented to a meromorphic (holomor-
phic if \ / 1) function to the whole complex plane. Note that if χ = 1, the 
function L(s,x) is the usual Riemann zeta function. 
For η e Ν, the values L(l — η,χ) can be expressed in terms of generalized 
Bernoulli numbers В
пл
 as follows: 
L(l-n,x) = - — 'X f o r n a i . 
η 
For details see '91 or [291. 
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β.9 Definition For a number field F, the Dedekind zeta function ÇF is defined 
by 
where the sum ranges over all non-zero ideals α of OF, and N(a) = # OF/U. 
The function ζρ can be extended, by analytic continuation, to a meromorphic 
function on the whole complex plane. Let ri(resp. rj) denote the number of 
real (resp. complex) places of F, so Γχ + 2г2 = [F : Q]. Setting 
Оі(8) = *-ігф, G2(s) = (2π)ι-'Γ(*), 
the function 
Ы*) = Сі(
в
Г-с 2 ( в Г-сИ') 
is meromorphic in the entire «-plane; holomorphic except for simple poles at 
s = 0 and 3 = 1 and satisfies the functional equation 
íF(*) = | d i s c ( F ) | b ' í f (I-3). 
Let F be an abelian number field of conductor ƒ. Let X denote the group of 
characters on (Z / / )* which are trivial on Ga](Q(£y)/F). Of course, X can 
be identified with the group of characters on Gal(F/Q). The Dedekind zeta 
function СИ 8 ) is related to the functions L(s,x), with χ £ X, in the following 
way 
(F(S)= l[L(s,x). 
Consequently, we obtain for s = — 1 the following identity 
м-і)=П-%*-
xex ¿ 
6.10 Lemma Let K/Q be an abeJian extension and H — Gal(K/Q). Let 
χ ζ H and θ be the Stickelberger element, then we have 
ε
χ
θ = S i ,
x
- i e
x
 in Q[tf]. 
P R O O F . Let m be the conductor of K. Then we have the following equalities 
α (mod τη) 
= Σ teh-'W'x 
a(inod m) 
( a , m ) = l 
-
 5
ι , χ -
ι ε
χ · 
D 
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As a consequence, we have the following 
6.11 Corol lary 
e
x
(c-a
c
) θ - {c-x(c))BUx i e Y . 
For more about L-functions, Bernoulli numbers and zeta functions see [9, 16, 
23, 29]. 
7 T h e divisibility of Bernoulli n u m b e r s by ρ 
In this section we will obtain, with the help of the Stickelberger theorem, some 
divisibility properties of generalized Bernoulli numbers. The field E will play 
the role of the field К in the previous section. Let i be an integer. Since A— 
the p-primary part of CÍ(OE)—is a Zp[G]-module, proposition 5.5 yields the 
following direct sum decomposition: 
eu. (O ®zp A/A') ~ 0 (Ο ®z, Α/Αη
ω
,
χχ
 . 
хсд 
Let \ be a character on Δ . We will direct our attention to the summand 
( 0 ®
z
 A/Ap) 
We let σ 0 with с relatively prime to pf, denote the element of the Galois group 
Gal (Q(Cp/)/Q), which maps Cpf to C , . Denote the restriction of σ,. to E also by 
a
c
. Since by corollary 6.4, the element (с — а
с
) is contained in the Stickelberger 
ideal of E, we have for all y G (θ (¿¡ζ, А/Ар)^ , 
(с-а
е
) у-0. 
Hence we obtain from corollary 6.11, for all у in (O ®z A/Ap) , , the fol­
lowing equality: 
( c - {ω! χ \){a
e
))Blta .x iy = 0 
The coefficient с {и}' χ \ ) ((т
с
), which is an element of C, can be removed if 
7 ^ 1 (mod ρ — 1): 
7.1 L e m m a Let ι ;É 1 (mod ρ - 1). We can choose an integer с in such a way 
that с - [ш' χ \ ) {а
с
) is a unit in Ö. 
P R O O F . Let о be an integer relatively prime to p. We have 
α — ω'(α) = α — α' (mod ρΖ
ρ
). 
We may choose α mod pZ to be a primitive root of (Z/pZ)'. Then 
α — ω'(α) é. 0 (mod pZv). 
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Hence a — (ι/(α) e Ζ*. By the Chinese remainder theorem, there exists а с € Ζ 
with 
ƒ c = a (mod pZ), 
\ с = 1 (mod /Z) . 
Then 
с - (ω* χ χ) (а
е
) = с - ш1(с)х{с) 
= с - ω
ι{ά)χ(ί) 
= а — ш'(а) (mod pZp). 
Hence с - (ω' х χ) (σ
ε
) is a unit in О. [] 
7.2 Corollary If i φ 1 (mod ρ — 1), then we have for ail у in the module 
{0®z
r
A/AP)
a
,
xx
 the equality 
Bi,
w
-.
x
-.y = 0. 
7.3 Proposition Let i φ. 1 (mod ρ — 1). Suppose χ a character on Δ such 
that ί φ 6X (mod 2Z). 
If ( θ ®
Ζ ρ
Λ / Λ ρ )
ω
,
χ χ
/ 0 then ρΙΒχ,,.,-^ .. 
P R O O F . Because ω~,χ~ι is an odd character, the Bernoulli number В1 і Ш . χ - ι 
is non-zero. The rest is obvious from the above since [O ®z
r
 A/ Ap} , is an 
О/pO-vectoT space. [j 
We will need some facts of the theory of p-adic L-functions. 
7.4 Theorem Let χ be a Dirìchlet character . Then there exists a p-adic 
meromorphic (analytic if χ φ \) function Lp(s,x) on {s e Cp| \s\ < ρ ~ρ^} 
such that 
L p ( l - η,χ) = - (1 - ^ - » p " - 1 ) ? ^ L , η > 1. 
P R O O F . See [29]. [| 
Remark In general, χω~η(ρ) φ χ(ρ) · ω~η(ρ). For example if χ = ω" / 1, 
then χ ω _ η ( ρ ) ~ 1, while χ{ρ) = (^"(p) = 0. However, if the conductors of χ 
and ω are relatively prime we do have χω~η(ρ) = χ(ρ) · ш~п(р). 
7.5 Theorem Suppose χ is a non-triviai Dirìchlet character of conductor f. 
Assume ρ2 j ƒ. Let m,n € Z. Then 
Lp{m,x) Ξ Lp(n,x) (modp), 
and both sides are p-integral. 
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P R O O F . See [29]. Q 
Now we can reformulate proposition 7.3: 
7.6 Theorem Let i G {2, 3 , . . . ,ρ - 2}, and let χ be a character on Δ with 
г ^ 6X (mod 2Z) and p\ Д.. 
If {Ο ®
z
, A/A")^^ φ 0, then ν I ^ " ^ ' • 
P R O O F . Since г φ. δ
χ
 (mod 2Z), the character ω1 χ χ is odd. On the one 
hand, according to theorem 7.4, if we choose η = 1, we obtain 
¿„ (Ο , ^ - χ - 1 ) = -{1-
Ш
-'х'\р))В
ии
-,
х
-г 
since ω~'{ρ) = 0. On the other hand, if we choose η = 1 — г + (ρ — 1) = ρ — г', 
so η > 1, we obtain 
Lp{l-{p-iW-\-i) = - ( ΐ-χ-ΐ(ρ)ρ<Ρ-0-Λ V M J . . 
\ / ρ — г 
Using theorem 7.5, we obtain the following congruence 
LP(0,UJ1- 'χ'1) = Lp(l - ( p - г ) , ^ 1 - 1 * - 1 ) (mod p) 
or equivalently 
Я 
ρ — г 
Now use proposition 7.3. 
BltU .x . = -Jp-V- (modp). 
8 The weak Birch-Tate conjecture 
We specialize for a moment to the situation where F = Q. 
8.1 Theorem (Herbrand) Let ρ be an odd prime number and let i be an odd 
integer with 3 < i < ρ - 2. Let A be the p-primary part of С£(0сж
р
)). 
ΙίΑ
ω
. φ 0, then ρ Ι ß p - , . 
PROOF. In this case, we do not need the scalar extension, since the idempotents 
ε
ω
. are contained in the group ring Ζρ[Γ]. Note that we must have ρ > 5. [] 
Remark This theorem is much stronger than the 'if'-part of theorem 6.6, since 
it gives a "piece-by-piece" description of the criterion. 
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R e m a r k The converse of Herbrands theorem is also true and proved by Ri bet. 
See also the paper of Mazur and Wiles [20]. We will pursue this matter no 
further. 
We are now able to give a nice application of Herbrands theorem. 
8.2 T h e o r e m Let ρ be a prime number, ρ > 5. Then the p-primary part of 
K2{Z) is trivial. 
P R O O F . The prime ρ ramifies totally in Q(£p) and is itself a power of a 
principal ideal: 
Ы = ( І - С Р Г 1 · 
Therefore, we have an isomorphism 
(ßp®a(oQ{ip)))r ^κ2(ζ)/Ρ. (3) 
Let A be the p-primary part of CÌ(OQ^P)). The left-hand side of (3) is isomorphic 
to Α
ω
-ι by lemma 5.6. By Herbrands theorem, we see that if Α
ω
 ι is not trivial, 
then ρ | B2· But B2 = | . Hence K2(Z)/p is trivial. So we are done. [] 
R e m a r k In fact we have Ü ^ Z ) = Z/2. See [21] for the details. 
• Assumption. Let F now be a real abelian number field. 
8.3 Theorem Let г be an odd integer with i € {3, 5 , . . . ,p — 2}. Let A be the 
p-primary part О£СІ(ОЕ)· 
If ρ\ζ
Ε
(1-(ρ-ί)) then (Α/Αη
ω
.=0. 
P R O O F . Let χ be a character on Δ. Since F is a real abelian field, all the 
characters on Δ are even. Hence we have 
г ^ δ
χ
 (mod 2Z). 
Theorem 7.6 now yields: 
if pf5"-^*,-1 then {θ®
Ζρ
Α/Α'')
ω
.
χχ
 = 0. (4) 
Since for ordinary L-functions we have 
¿ ( 1 - 7 ΐ , χ ) = - — ^ , ( η > 1 ) , 
η 
and also 
СИ*)= Ц£(''Х)' 
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we obtain for odd i, with 1 < г < ρ - 2, the following identities: 
0 , ( 1 - ( P - O ) = ЦЦ1-(р-і),х) 
- πί-
5
^)· 
χ € Δ 
If ρ j (FÍ'Í — (ρ — г)) w e obtain from (4) 
{Ο®
Ζρ
Α/Α>>)
ω
.
χχ
 = 0 for all χ e Δ. 
Hence by proposition 5.5, we have 
(A/A*),,. - 0. 
This concludes the proof of the theorem. [j 
Remark Since i is an odd integer, we necessarily have ρ > 5. 
Now the weak Birch-Tate conjecture is a special case of the above theorem. 
8.4 Theorem Let ρ be an odd prime , ρ > 5. Let F be a real abelian ñeld. 
Suppose ρ | [F : Q] · cond(F). If ρ j C F ( - 1 ) then the p-primary past ofKïfôp) 
is trivial. 
P R O O F . Use the proof of proposition 5.7 and theorem 8.3 with г — ρ — 2. [] 
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Chapter III 
Reflection theory and the 
t a m e kernel 
1 Introduction 
In this chapter we will extend the theory we developed in the previous chapter 
to abelian number fields. Therefore, let F be an abelian number field and let 
Δ = Gal(F/Q). In general, we have odd and even characters on Δ. Let Δ 0 ( υ 
denote the set of all odd characters on Δ and let А
СУ
еп denote the set of all 
even characters on Δ. Note that Δ^,.,, is not just a set but a group. In fact, 
we have an isomorphism 
A
e v e n
 ^ H o m ( G a l ( F + / Q ) , C * ) . 
Here F+ denotes the maximal real subfield of F , i.e. F+ — F Π R. 
In the previous chapter we showed- see proposition 5.7—that if the group 
is trivial for all characters χ on Δ, then the p-primary part of the tame kernel 
Кг{®г) is trivial. For even characters χ on Δ, we showed that the group 
iP ®zp A/A?) , is trivial if ρ \ ΒλωΧχ ι. For odd characters χ on Δ we 
can not follow the same procedure, since Β1<ωχχ ι is zero in this case. 
In this chapter we overcome this problem by introducing Leopoldts' reflection 
principle (Prop. 3.4). This reflection principle enables us to compare the space 
( Ο φ ζ , A/A1')^
 Ι χ
 with thespace ( θ ®
Ζ ρ
 УІ/Лр)
ы2)< ,. We show that if \ 
is an element of A0dd) the О /pO-dimension of the first space is less then or 
equal to the dimension of the second. (See proposition 5.2). Observe that the 
characters ω l χ χ and ω1 χ χ ι have different parity. Using theorem II.7.6 
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we obtain that if ρ f -Вр-г.х then (Ο <3ζ Α/Αρ)
 2 χ _, is trivial and hence 
{О ®zp A,'Ap) , is trivial. This will lead to our 
Main theorem 
Let ρ be a prime number, ρ > 5. Let F be an abeiian mmiber neld not containing 
a primitive pth root of unity. If ρ \ [F : Q] • cond(F), ρ f CF • ( "1) and Ρ f Βρ-2,χ 
for all odd characters on Gal(F/Q), then the p-priraary part of the tame kernel 
KZ{OF) is trivial. 
Much of this chapter is devoted to the proof of the reflection principle. We 
follow in general the theory exposed in Washington[29] but one essential idea-
see section 4—is taken from Iwasawa[10]. 
2 Algebraic preliminaries 
Let ρ be an odd prime number and let L/K be a Galois extension of number 
fields with G — Gal(L/K). We assume that (p 6 L. Let L' be the maximal 
unramified elementary (i.e. isomorphic to Ζ / ρ φ · · · φ Z/p) abeiian p-extension 
of L. Let A denote the p-primary part of CÎ(OL). Then by class field theory we 
have an isomorphism 
H = Gal (L'/L) - % A/Ap. 
Since L'/K is a Galois extension and H is a normal subgroup of Gal (L'/K), 
the group G can act on H by conjugation. Let h £ H and д e G. Let g S 
Gal (Ι//К) be any extension of д. Then define 
This definition is independent of the choice of g since H is abeiian. Hence H 
becomes a Zp[Gj-inodule. The group ring Zp[G] also acts on A/'Av and by class 
field theory we have in fact an isomorphism 
Я -^» Л/Лр, as Zp[G]-modules. 
The extension L'/L is by construction a Kummer p-extension. Hence there 
exists a unique subgroup В of L', such that 
L*p CBC L' 
and 
L' - 1{</Ъ). 
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We picture this situation in the following diagram: 
" - L«fB) 
G 
К 
By Kummer theory, we have a canonical isomorphism 
^ / ¿ • ' ' ^ - Н о і Ц Я ^ р ) 
given by 
ЬГ" —> хъ, 
where the character хь- H —* μ
ρ
 is given by the correspondence 
Vb 
Equivalently, we have a bilinear and non-degenerate pairing 
(,):HxB/Ltp^ßp 
given by the formula 
¡и M — , ft(^ 
As a consequence, we have isomorphisms 
B/L*p - ^ Ηοτη{Η,μ
ρ
) ^> Η ^ A/Ap. (1) 
R e m a r k Note that the second isomorphism in (1) is non-canonical and not 
G-linear. 
An easy computation shows that we have 
{h9, b9) = {h, b)9 for all g 6 G, h e Я and b 6 B/L*". 
Let
 PA = { χ G A ¡ xp — 1}. We will define a map 
φ: B/L'p —»
 pA. 
Let 6 e В. Since L( Vb)/L is unramified, an easy calculation shows that the 
principal fractional ideal (ò) is the p-th power of some ideal α in L: 
(6) = a'. 
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Changing b by an element of L*p leaves the ideal class of α unchanged. The 
map φ is now defined by the correspondence 
5^[a]. 
The map φ is G-linear: 
ф(ЬГ) = [a"} = [
а
}я - ф(ЬГ. 
Let b € кет φ. Then (ό) = (a)p for some a 6 L. Hence there exists a unit e in 
OL, such that 
b — εαρ. 
Therefore we have an injective map 
ker0 <—> UL*P/L'P ^ U U/Up, 
where U denotes 0*L. To summarize, setting В = B/L*
p
, we have 
В ^ A/Ap, non-G-linearly, 
В —• pA, G-linearly, and 
ker0 <—> U/Up, G-linearly. 
For a reference of the above see [29]. 
3 Application 
As in the previous chapter we fix the following 
Notation 
• ρ an odd prime number, 
• F an abelian number field, 
• E, the number field Ρ(ζ
ρ
), 
. A = Gal(F/Q), 
• G = Gal(JB/Q) ) 
• ρ \ cond(F) · [F : Q]. 
Furthermore, we make the following substitution (see the previous section) 
• К = Q and L = E. 
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Let χ be a character on G. As in the previous chapter, we are interested 
in spaces of the form (O ®zp A/Ap)x, where A denotes the p-primary part of 
C¿(OE). 
In order to use the concepts introduced in the previous section, we need an 
extension of scalars. Since both Η and В are Zp-modules and О is a Zp-algebra 
we make the following O-modules by extension of scalars: 
О ®zp Η and Ο ®Z i ( В. 
Inspection shows, that these O-modules are in fact О/pO-moduies or vector 
spaces. By definition 5.3, we can view these vector spaces as 0[G]-modules. 
Since we have a Zp[G]-linear isomorphism 
Η ^ * A/Ap, 
we also have an C[G]-linear isomorphism 
О ®zp Η -^ O ®z.r A/A?. 
Therefore, we will direct our attention to the O/pO-space {O ®z
r
 H)
x
. 
We have a pairing 
(O ®zp Я) χ (O ® Z p B) Ü O ®zp Mp, 
defined on generators by 
(χ ® h, y ® b) ι—> xy ® (ft, 6), 
where χ, y € О, ft G H, b € В and (,) the pairing introduced in the previous 
section. This pairing is obviously O-bilinear and non-degenerate. 
3.1 Lemma Let a £ Ο ®zp Η, β £ О ® 2 р В and g e G. Then we have 
(α,/3)« = (α«,/3»). 
P R O O F . It is enough to check this on generators. So let χ ® ft (resp. y ® 6) be 
a generator of О ®zp H (resp. О ®zp B). Then 
{x®h,y<g)b)9 = xy®(h,b)9 
= ху®{кя,Ья) 
= {{х®Іі)я,(у®Ъ)я). 
D 
The following lemma plays a key role in the proof of the reflection theorem. 
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3.2 L e m m a Let χ ι and \2 be characters on G. Let σ fc G. If a G (О ®z p H) 
and β G (О ®z
r
 ß) i íAen we have 
( Q . / J J ^ ' I Q C C , ) ) = ( Q , / Í ) X ' ( - ) X 2 ( ^ ) . 
P R O O F . Let a· ® /ι (resp. г/ ® b) be a generator of С ®z -fí (resp. O ®zp # ) · 
Then on the one hand we have 
{x®h,y®by = xy®(h,by 
= (a;®ft,yi8ib)tt'(o'!(»«i>)), 
but on the other hand 
( x ® ft, ι/φ δ ) " = ((x®ft) < r ,(2/®6) , T ) 
= ( i ; ® f t , 2 / ® b ) X l ( ' T ) ' £ 2 ( , T ) . 
Hence we obtain 
(x®h,y® ЬГ^ы^ = (χ ® ft,у ® 6 ) χ ι ( σ ' χ 2 ( σ ) . 
Since we have proved equality on generators we are done. [j 
3.3 T h e o r e m Let χ be a character on G. Then we have an О-bilinear and 
non-degenerate pairing 
(,):{0®ZpH)xx{0®ZrB){uxid)x , -.0®Ζρμρ. 
Equivalcntly, if i is an integer and χ is a character on Δ , then the pairing 
{0^
r
H)
u
.
xx
x(0®zpB)ul Ι χ χ , —» 0®Ζρμρ, 
is O-bilinear and non-degenerate. 
P R O O F . Let V' be a character on G with φ φ ( w x i d ) ^ " 1 . Let χ G (Ο ®
Ζτ
 tí) 
and y £ [Ο ®ζ,
ρ
 В) . By lemma 3.2, we have for all σ G G: 
{χ,νΥ^™'^ = (x,y)x{'H{'\ 
Assume that {χ, y) Ψ 0. Then this yields the following congruence 
" M Q I C ) ) = λ ( σ ) ν ( ^ ) ( m o d p O ) . (2) 
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Let η be the exponent of G. Then ρ \ η and Ο — Ζ
ρ
[ζ
η
]. From the identity 
7 . - 1 
J = l 
we obtain that 
C
m
^ l {modpO). (3) 
Thus we obtain from equations (2) and (3) for all σ € G the equality 
w((7lQ«p)) = X(<T)V'(or)· 
But this contradicts the definition of ψ. Hence (x,y) = 0, for all y e (О ® В), 
with ψ Φ (ω χ id)x _ 1 . Hence the pairing 
{О ®z, Я )
х
 χ (Ο ®ζ
ρ
 Β){ωχϊά)χ 1 ^ 0 ® Ζ ρ μρ ι 
is non-degenerate. [| 
Consider the following exact sequence of Zp[G]-modules: 
1 —у
 PA—>A-?->A—vA/A
p
—»1. (4) 
This sequence yields the following non-canonical isomorphism of C/pO-spaces: 
О ®z
r
 AIAp ^ Ο ®Zp PA. (5) 
In section 2, we obtained an exact sequence of Zp[G]-modules: 
0 —> кетф —> В -^ -»
 PA. 
Since О is a free Zp-module, this yields an exact sequence of C>[G]-modules 
0 — ^0®Zi>ker<2Í>—>G®zpB—> О ®Zp pA. (6) 
In the same fashion we obtain an injection 
0®ZpkeT<t>^0®zpU/U''. (7) 
Let -φ be any character on G. We fix the following 
Notat ion Let 
• a^ = dim0/pC)(C'®zp Α/Αρ)ψ = dimo/po(C®zppj4)^, which follows after 
a little computation from sequence (4), not directly from (5), 
• by, = dimo/po(C ®Zp β)ψ, 
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• ku, - dim0 /pc>(ö « ζ
ρ
 ker0)
v
, and 
• иф - dim0/po(0 ® z p U/UP)^. 
After taking i/i-components in (6) and (7), we obtain the following inequality of 
O/pö-dimensions: 
Ъ,/, < аф +k^ <&ψ + \ΐφ. (8) 
Let г be an integer and \ be a character on Δ . Since Η is isomorphic to A/Ap 
as G-modules, we have an isomorphibin 
(0®ζ
ρ
Α/Α>>)
ω
,
χχ
-^(0®
Ζρ
Η)
ω
,
χχ
. 
Now we use theorem 3.3 to obtain the following isomorphism 
( σ ® ζ Η) , —> (0®z В) t , , . 
This observation results in the following equality 
^ ' Χχ
 =
 " ω
1
 ' Χ χ
- 1
 ' 
P u t t i n g everything together, using (8) twice, we obtain the following inequalities 
&
ω
ι
Χ χ
 =
 D ^ l ι χ χ 1 
< a^i .
χχ
 ι 4 ιι
ω
ι .χχ ι 
— " ы ' χ χ "^ ^ w
1
 ' χ χ
 1 
- ^u»· χ χ "τ ^ U Í ' χ χ "f" Uu»1 * χ χ - 1 · 
As a consequence we deduce 
3.4 P r o p o s i t i o n (Ref lect ion) We have the following inequality 
~
Ubll ' Χ χ ' S * , ^ 1 ' Χ χ 1 — a u > , X X - иш' Χχ" 
Especially, if г — —I, then we have 
- U U J ' X X l i : »u-^xx I - a u i ' χ χ < u w ^ χ · 
In the next section we will show that u
v
 < 1 for characters φ on G. 
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4 Computation of ux 
This section is entirely devoted to the computation of the ö/pö-dimension of 
the space (O <g>z U/'UP)X, for characters χ on G. First of all we fix the following 
Nota t ion Let 
• E+ — Ε Π R ,the maximal real subfield of E, 
• U = 0*E, the group of units in E, 
• U+ = 0'E,, the group of units in the maximal real subfield of E and 
• W, the group of roots of unity in E. 
Thus we have the following diagram: 
EDU D W 
G { E 4 DU+ 
Q 
4.1 T h e o r e m Let \ be a character on G. Then 
<limobo(OtofU/U>)x = {l i J j j even and non-triviaJ or if \ = ω χ 1. odd and χ^ωχ1θΓΪί\ = 1. 
P R O O F . 
The proof consists of several steps. The key idea for the proof is the choice of a 
suitable subgroup U' of U+, with finite index in i/+, on which the action of G 
is nice. 
Step 1 We iiave an О [G] -linear isomorphism of OyG] -modules 
О ®zp U/U" - ^ (O ®zP W/Wp) φ (О ®ър U+/U+p) . 
Proof of step 1 
The Hasse index \U : WU+] equals 1 or 2 (see [29'). Therefore, since ρ is odd, 
the p-th power map 
и wu
+
 — > u;wu+ 
is an isomorphism. With the use of the snake lemma, we obtain ZpiGj-linear 
isomorphisms 
u/up -^ wu^/(wu^y - ^ W/W&U* iU+p. 
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Tensoring over Zp with O gives the desired isomorphism. As a consequence we 
have for all characters \ on G 
(О ®zp U/U'-)x ^ {O ®z, W¡W')x Θ (Ο ®zP υ+ΐυ+ηχ . 
Step 2 Let χ be a character on G. Then 
(O ®z W/W') = i 0 ®г> WIWP i{* = ω χ 1 ' 
v
 ' ' 'x І 0 otherwise. 
Proof of step 2 
An easy calculation shows that the group W/W is generated by the coset (pWF. 
For σ € G, we then have 
Let ι ® СрИ Р^ be a generator of О ®z
r
 W/Wp. Then 
= (^Е^И^Ч^вСр^) 
= xeCpW 
This concludes the proof of step 2. 
The group U+ = Og, contains, by a theorem of Minkowski, a unit ε such that 
its conjugates ετ, with τ G Gal(.E+/Q), generate a subgroup U' of finite index 
in U+. Replacing ε by ε2 if necessary, we may assume that the norm of ε is 1. 
Let G+ = Gal (E+ /Q) . Then f/' is obviously a G+-module. We let G act on 
G + and U' through the map G —» G + . Define a map 
Ζ —• Z[G + ] 
G act ti rivially on Z. 
0 
Then 
- + Z 
'~Σ 
ree-
r. 
we have a short exact 
— ZfG+] 
σ i-
-» ε
σ
. 
sequence 
—» 1 
of Z[G]-•modules 
(9) 
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The p-th power map on each of the groups in the sequence (9), gives us a short 
exact sequence 
0 — Z/pZ —» Z/pZ[G+] —* U'/U'" — 1, 
since U' is contained in R, and because О is a free Zp-module, we have also 
0 —» O/pO —» 0/pC»[G+] —» O ®Zp U'/U,p — 0. 
Taking χ-components, we obtain 
0 — {0/ρΟ)
χ
 — (C7/p(!)[G+])
x
 —» (O ®zp ^ ' / ^ ' Ί χ — 0 · ( 1 0 ) 
Now, we can formulate the next step. 
Step 3 Let χ be a character on G. If χ φ 1 then we have an isomorphism 
( 0 / p O [ G ' ] )
x
^ ( 0 ® z p t / 7 ^ P ) x · 
Proof of step 3 
We will show that (0/pO)i is isomorphic with О¡pO. Step 3 will follow from 
this observation and sequence (10). Let χ £ O/pO. Then 
ί 1 Ι = ( ^ ? / ) * = ^ № ^ 
г6( 
Since obviously the space (O/pO) is trivial, if χ is non-trivial, we are done. 
Step 4 Let χ be an even character on G. Then we have an injection 
0/pO^{0/pO[G4)
x 
given by 
У—*
 £
хУ
 idG-
Proof of step 4 
Let у e O/pO. Then 
СхУІас.· = Î/T77, Σ \ W i d e ; 
Let Я denote the subgroup of G generated by ρ (—complex conjugation). Then 
we have an isomorphism 
G+ -~->G Η-{σιΗ,...,σ,Η}, 
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dimw(Oe,,tr/cr')x={¿ %Xb 
where г — \G+\. Hence G = {σι,. ..,σ
τ
,σ\ρ,...,σ
τ
ρ}. Then we obtain 
1 1 r 
' ' <r6C? ' ' ι = 1 
ι
 г 
= »]οΐΣ2^σ·)σ·· 
Since ρ does not divide the order of G, and ρ is odd, it is clear that the map 
I r 
У
'—'
 ν
'\ο\'Σ<2χ(σ'}σ* 
' ' ι = 1 
is injective. This concludes the proof of step 4. 
Step 5 Let χ be a character on G. Then we have 
is even and χ Φ 1, 
is odd or if χ = 1. 
Proof of step 5 
By the Dirichlet unit theorem, we know that Ο <3ζ
ρ
 U'/U'p is an О/pO-vector 
space of dimension | G + | — 1. Combining step 3 and step 4, we have an injection 
0/pO^{0®ZrU'/U'p)x. 
for all even non-trivial characters χ on G. But the number of all even non-trivial 
characters on G is | | G | — 1, which is equal to | G + | — 1. So we are done. This 
concludes the proof of step 5. 
Step 6 For aii characters χ on G we have 
dimano {О ®Zr U'/U'p)x = d[mo/po {O ®zp U+/U+P)x . 
Proof of step 6 
Consider the p-th power map on all the groups in the short exact sequence 
1 — . U' — > U + —+ U+/U' — 1. 
Using the snake lemma and the fact that U+ С R, we obtain an exact sequence 
1 —• ker -» U'/U" —• U+/U+p —> coker —+ 1, (11) 
where 'ker' and 'coker' are respectively the kernel and cokemel of the map 
U+fU' ^ U+/U'. 
Since | ker | = | coker |, we obtain from sequence (11) 
dimc/pc (O ®zp U'/U,p)x = dimo/po {O ®Zp U+/U+P)x, 
for all characters χ on G. 
Now to prove the theorem, combine the steps 1,2,5 and 6. |] 
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5 Reflection and the tame kernel 
In this section, we will present some consequences of proposition 3.4 and theo­
rem 4.1. As an aside we have the following 
5.1 P r o p o s i t i o n Let A be the p-primary part of the ideal class group of Q((p) 
and let 
p-2 
A = у ^ А
ш
> 
i = 0 
be the direct sum decomposition corresponding to the idempotents in the group 
r ingZp[Gal(Q(Cp)/Q)]. Leti be even and j be odd, withi+j = 1 ( m o d p - 1 ) . 
Then 
р-гапкЛ„. < р - г а п к Л ^ < 1 +p-rank.A
u
,.. 
PROOF. In this case, since we only have to deal with the group Gal ( Q ( ( p ) / Q ) i 
we can do without the scalar extension. Now proposition 3.4 boils down to the 
inequality 
a
w
. < a^i- . + u^i , < β
ω
, + η
ω
. + и
ш
і .. 
Theorem 4.1 now does the job. [] 
Next, we relate the reflection principle to the tame kernel. We will need the 
following two propositions. 
5.2 P r o p o s i t i o n Let χ be an odd character on Δ . 
If (O ®z
r
 Α/ΑΡ)
ω
2>( ι is trivial, then (O <S>zp Α/-ΑΡ)ω-ιχ i s trivial. 
P R O O F . By proposition 3.4, we have the following inequality 
From theorem 4.1, we obtain that ιι
ω
2
χχ
-ι = 0. So we are done. [] 
To deal with the space (O ®z A/ Ap)
 2 . , , we will use the Stickelberger the­
orem. 
5.3 P r o p o s i t i o n Let ρ be a prime number, ρ > 5. Let χ be an odd character 
on Δ . 
I f p t B p _ 2 ,
x
, then ( ö ® Z p Л / Л р )
и 1 χ is trivia]. 
P R O O F . Combine theorem II.7.6 and proposition 5.2. The denominator p - 2 
occurring in theorem II.7.6 is redundant and therefore removed. Q 
We will now formulate our main theorem. 
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5.4 Theorem Let ρ be a prime number, with ρ > 5. Let F be an abelian 
number fìeld not containing a primitive p-th root of unity ζ
ρ
 and let F+ be the 
maximal real subñeld of F, i.e. F Π R. Assume that ρ { [F : Q] · cond(F). If 
ρ | ζρ- (-1) and ρ \ Β
ρ
-2,χ for all odd characters χ on Gal(F/Q), then the 
p-primary part of the tame kernel Κι{0ρ) is trivial. 
P R O O F . Let A be the p-primary part of СІ(Ор^ )). By proposition II.5.7 it 
is enough to show that the O/pO-space 
{0®ZrA/A')u . ж х 
is trivial, for all characters χ on Δ = Gal(F/Q). Since Hom(Gal(F + /Q),C*) 
is isomorphic to the group of all even characters on Δ, and ρ \ ζρ + ( — 1), we have 
by the proof of theorem II.8.3 
0 (0®ZrA/A')a «χ* = 0. 
Since ρ f Β
ρ
-2,χ, for all odd characters χ on Δ, we have by proposition 5.3 
0 (0®z
r
A/A')
w
 . ^ = 0. 
xeAodd 
Hence we are done. [] 
We will give an application to imaginary quadratic fields. 
5.5 Theorem Let d be a squarefree integer, d > 0. Let F be the imaginary 
quadratic fìeld Q(\/—d). Let ρ be a prime number, ρ > 5, and assume that 
ρ \ d. Let χ be the nontrivial character on Gal ( Q ( \ / - á ) / Q ) · If ρ \ ·Βρ-2,χ , 
then the p-primary part of K2{Op) is trivial. 
P R O O F . Since ρ > 5, the condition ρ f [Q(\/—d) : Q] disappears. The 
condition 'p | cond(F)' can be replaced by 'p f d,. The rest is obvious. [] 
R e m a r k It would be nice, if we could give an upper bound for all the primes ρ 
we need to consider. The condition 'pf Bp_2 lX' unfortunately however depends 
on p. I do not know how to tackle this question. 
Let dp denote the discriminant of F . As before we have the following congruence 
В
иы
 i
x
^-
P
^f (modpZ p ) . 
ρ ¿ 
By definition we have 
j V\dr\ 
Bi,„ 2 - -ΓΓ7 УІ ω-2(α)χ(α)α 
ρ\άρ\ = 1 
v\dF\ 
V
'>ÍF\ /A \ 
•1>-2и(т)а' 
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where ( ~ j denotes the Kronecker quadratic residue symbol. The condition 
ΡΪ Β\,ω 2χ therefore is equivalent to 
Σ w - W ^ W o (modp 2 ) . (12) 
(o,p) = l 
Now if χ = y (mod p), so χ = y + pt for some i, then we obtain from the 
equality 
χ" = (y + pt)" = yp + ( j ) yp~lpt + ••• + Ы)р 
the congruence 
x
p
 Ξ yp (mod p2). 
Since ω(α) n α (mod p) and u>p = ω we have 
ω(α) Ξ α ρ (mod ρ 2 ). 
Condition (12) can now be rewritten as 
P\dr\ 
Р
г\ Σ aP(p"3)+1 ( τ ) 
α 1 
(α,ρ) = 1 
With the help of a computer we now obtain the following results. Consider the 
following two sets: 
Ρ = {ρ |ρ is prime , 5 < ρ < 100}, 
and 
D -^ {d | d is squarefree , 1 < d < 100}. 
Consider for d € D, the imaginary quadratic fields F = Q(\/—d). Let χ be the 
non-trivial character on Gal(F/Q). Then ρ f βρ-2,χ for all ρ € Ρ, except for 
the following cases, where we do have ρ | Β
ρ
-2,χ· 
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-d 
-10 
-13 
-15 
-17 
-21 
-29 
-31 
-33 
-38 
-41 
-42 
-43 
-46 
-47 
-53 
-58 
Ρ 
23,89 
19 
17,29 
31 
47 
11 
29 
41 
67 
13,17 
47 
13,67 
5 
11 
47 
5 
-d 
-59 
-61 
-62 
-65 
-70 
-71 
-73 
-77 
-78 
-79 
-83 
-85 
-86 
-91 
-94 
-97 
Ρ 
11 
53 
19 
7 
43 
13 
5 
13 
79 
7,19,29 
5 
53,67 
13 
5 
5 
5,7,11 
Thus, besides for the pairs (—d,p) listed in the above table, we have for all 
d € D and all primes ρ € Ρ , that the p-primary part of ^ ( ^ Q Í ^ - J ) ) is trivial. 
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Chapter IV 
Generators for the tame 
kernel 
1 Introduction 
Let F be a number field and let Op be the ring of integers of F. Our goal is to 
determine generators for the tame kernel in terms of elements belonging to the 
Steinberg group 5і(ор)• 
Let ρ be an odd prime number and suppose that the number field F does 
not contain a primitive pth root of unity ζρ. We will prove that if the p-primary 
part of the ideal class group Сі(Ор) is trivial, and ρ \ disc(F) · [F : Q], that the 
p-primary part of Κ2(Ορ[-}) is generated by Dennis-Stein symbols. Moreover, 
we can determine these generators. This is theorem 4.7. For the proof, we need 
a map ι defined by Keune[l5], which is examined carefully in section 3. The map 
ί describes a connection between the ideal class group of F(ζ
ρ
) and the tame 
kernel Ä^Cff"] ) · The other main ingredients for the proof are some class 
field theory —we will need the Hilbert class field—and Tchebotarevs' density 
theorem. An important role is played by the prime number p, which as a unit 
in O F [ - ] is used to define the necessary Dennis-Stein symbols. Unfortunately in 
this situation we find generators in K2{OF{-}), rather than in the tame kernel 
K,{OF). 
In section 5, we restrict ourselves to real quadratic fields F . We know by 
the work of Mazur and Wiles, that for totally real abelian fields the Birch-Tate 
conjecture on the size of the tame kernel K2(OF), is true at least up to powers 
of 2 (See conjecture 5.1 and theorem 5.2). In the case of a real quadratic field, 
the order of the p-primary part of Κ2{Ορ) can now easily be computed with the 
help of a computer algebra program (See theorem 5.4 and table 1 in section 5). 
With this information at hand, we compute generators for the tame kernels 
/^(Oqwjg)) and ^ ( C Q W J Q Q ) ) . We use the same techniques as in section 4, 
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but this time the unit ρ in C F [ - ] can be replaced by the fundamental unit ε in 
Op. In this way, we obtain Dennis-Stein symbols in Κι{Ορ). 
In section 6, we give presentations for the special linear groups 8Ь
п
(Ор) 
with η > 3 , F - Q(v/^9) and F = Q(v/Í09). It is based upon a complete set 
of generators of the tame kernels for these fields obtained in section 5. 
2 Notation 
First of all we will fix the following notation throughout this chapter: 
• p, an odd prime number, 
• ζρ, a primitive p-th root of unity, 
• F , a number field not containing Çp, 
• E, the number field F(£p), 
• Γ, the Galois group Gal ( F / F ) , 
• Op, the ring of integers in F , and 
• OE, the ring of integers in E. 
We picture this in the following diagram 
Q ( C P ) ' 
Q -
ПСр) = E 
г 
3 The map L 
In this section we will consider again the short exact sequence 
0 — (μ
ρ
 ® CI{OE\\}))T - i - К2{Ог[\\)/Р —. 0 μρ — 0, (1) 
pes' 
which we introduced in section 3 of chapter II. Here 5' is the set of p-adic primes 
of F that split completely in E. Below we will give two descriptions of the map 
L. 
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Notation Let L¡K be an extension of number fields and denote by Ο ι and 
OK the rings of integers in L and K. Let q be a non-zero prime ideal of Ο ι 
and let ρ = q Π О к · The ramification index e1^ of q over К is defined by the 
formula 
Here г
ч
 is the discrete valuation associated with q on L'. The inertial degree 
f к is defined as the degree 
rK
 d
=
f
 [0L/q : 0K/p}. 
If L/K is a Galois extension, one can show that the ramification index and the 
inertial degree do not depend on the primes q above p, but solely depend on p. 
In that case, we write e^ and f^ instead of e^ and / ^ . 
First description of the map L 
Let α Ç (μ
ρ
 ® C¿(OE[-}) ) be a non-trivial element. Let α be an ideal of OE 
such that 
α = ζ
Ρ
®[αΟ
Ε
[1-)]. 
Since the tame map τ:Κ2{Ε) —» ®qf_&n is surjective (see chapter I section 4), 
there exists an χ in K^E) such that for all non-zero prime ideals q of Ο E with 
q {ρ, we have 
x^C/a) (modq). 
Hence xp is an element of K2{OE[-})- Let trf denote the transfer homomor-
phism K2{E) -» K2(F) (see Milnor [21]). The map ι in (1) is now defined by 
the correspondence 
a
 _ U trfix") (mod {КгіОрІ1-]))'). (2) 
Second description of the map L 
Consider the following commutative diagram from algebraic K-theory 
0 —» K2(0E\^) —» К2ІЕ) --+ ffi К —» 0 
:> (3) 
о—» K2(oF[1-}) — K,(F) ^ 0 fc; — o, 
where N^ denotes the norm map k* -> k*. 
There exists (see Lang [16, Ch.VIII, §4, corr.]) a prime ideal qo of Ο E such that 
[qo^M1]] = [aCsi 1]] and the inertial degree f^ = 1. 
2(O [1-]) 
К (Ог  
 K (E) 
 ,(F) 
4tP 
PIP 
*; -
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Therefore, we can write 
а = Ср®[чоОЕ[$]]. 
Let у e K2(E) be such that 
î / κ ^ ( ϊ , . . . , ϊ , ζ
ρ
 (mod qo) ,T, . . . , ï ) . 
By (2), we now have 
a _!*
 < г | ( і , Р ) ( m o d {K2(0F[i})n (4) 
Let po = qo Π Of. Since /Д0 = 1 and hence fp = 1, the norm map 
is an isomorphism. Therefore, there exists a 7 e Op, such that 
Cp (mod qo) >-^ 7 (mod po). 
Let и € K2{F) be a lift of ( Ϊ , . . . ,1,7 (mod p o ) , ï , . . . , î ) € 0pjpfcp under r . 
Using the RHS of (3), we obtain the following diagram 
У
 |
-
! L >
 ( ï , . . . , ï , <p (mod qo),ï, . . . Д ) 
]/":> (s) 
и t - ^ (î, . . . , 1 , 7 (mod p o ) , ï , . . . , ï ) . 
Since trp(y) is also a lift of ( Ï , . . . , 1,7 (mod po), 1 , . . . , 1), diagram (5) yields 
the following congruence 
u> = trfiyP) (mod [К2Ш±})П 
Hence by (4), we obtain 
β
 ^
 UP (mod (ЪІОгІ1-}))?). (6) 
We conclude, that we only need the bottom row of diagram (3) for the descrip­
tion of the map «.. 
As we have showed (see chapter I, page 9), we have an isomorphism 
K2(0F)/p ^ U K2(0F\l})/p. (7) 
Thus we can rewrite the short exact sequence (1) as follows 
0 —* (мр ® a(0E[1-})) Г -U K2(0F)/p — 0 μρ —+ 0. 
ves· 
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Suppose ρ \ disc(F). Then it is easy to see that the set S' is empty. In that 
case, we have an isomorphism 
(ßp®a(oE\l}))r ^K2(oF)/p. 
4 Genera tors for t he p-pr imary par t of Κ2(Ορ[-}) 
In this section we will describe how—under certain conditions—we can find 
generators for the p-primary part of K2{OF[-})· Remember that ρ is an odd 
prime number. Let L denote the field E( ç/p). Let ρ | [F : Q]. Then ρ \ [E : Q] 
and since the extension Q( -ç/pJ/Q is of degree p, we have that Gal {L/E) is 
cyclic of order p. 
We have the following diagram 
F(CP, VP) = L 
4.1 Proposition Assume ρ f [F : Q]. Tiien there exists a prime ideai q OÏÖE, 
such that q | ρ and q is ramified in L. Therefore the extension L/E is ramified. 
P R O O F . Let q;1 •••q^ '" be the factorization into prime ideals of pZ in OE, 
where e, — PQ denotes the ramification index of q, over p, for г — l , . . . , r . 
Then it is well known that we have 
[£:Q]-EeQ/< QJQ-
г 1 
Since ρ | [F : Ql, and therefore ρ j [E : Q], at least one of the prime ideals q,, 
say q, has ramification index eq not divisible by p. Let φ be a prime ideal of 
Οι such that φ \ q. From the equalities 
ρ·νχ\^ρ) -- v
x
<{p) -=ei>Q, 
we obtain that ρ ' e j . This means that q ramifies in L. Π 
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Let П denote the Hilbert class fìeld of E. If ρ \ [F : Q], then the field L is 
not contained in 7i, since the extension L/E is ramified by proposition 4.1. We 
have the following diagram 
E Cí(0£ 
LH 
Ή 
We have an isomorphism 
Gal(Ln/E) Gal (L/E) xGal(7i/E) 
( ^ | і , а | и ) . 
The Galois group G&l(L7{/E) is abelian. Recall the following well known the­
orem: 
4.2 T h e o r e m (Tchebotarev) Let L/K be a Galois extension of number ñelds 
with Galois group G. Fix an element σ of G. The set of primes ρ οίΟκ which 
are unramified in L and such that the Frobenius automorphism ф^ is equal to σ 
for some q of OL lying over p, has Dirichiet density цгкТі where с is the number 
of conjugates οίσ in G. 
For a proof see [16, 18, 11]. We will use the Tchebotarev density theorem on 
the Galois extension Lfi/E. 
4.3 Propos i t ion Assume ρ \ \F : Q]. Let a; be a non triviaJ eiement of 
(//p 18 Cf(Cf;[-]) 1 . Then there are infinite]/ many prime ideals q OÍOE, such 
that 
x = ζ
ρ
 ig [qOß]-]] and q remains prime in L. 
P R O O F . Let χ = ζ
ρ
 ® y, with y in Ct(0&[-}), and such that χσ = χ for all 
σ G Г. Let π denote the canonical map СІ(ОЕ) 
у' in Cl{0E) such that 
χ - CP® Ay')· 
CÍ(OE[1])· There exists an 
By the the Artin map СІ(ОЕ) —-» Gal (Η/E), the ideal class y' corresponds to 
an automorphism σ of Gal(H/E). Let r0 be a generator of Gal (L/E). Then 
TQ is of order p. Let φ be the element of Gal (LH/E), such that 
φ\ι - то and φ\η = σ. 
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By the Tchebotarev density theorem there exist infinitely many prime ideals q 
of O E such that 
Φ = Φ™. 
Now we have 
and 
Hence 
Φ* — Ф%П\Ь — Φ\ΐ - To, 
Ф = Фс
Н
Ы = ФЫ = σ. 
Х = СР®*(У') = <Р®АЫ) = СР® [ЧОЕ[1-}} and ф^ = т0. 
Hence fq = ρ, and therefore q remains prime in L. Q 
4.4 Lemma Let φ e Gal (Q«p, ^p)/Q)· If Ρ Ι ο{φ), then ρ = ο(φ). 
P R O O F . Since Q((p, ζ/ρ) is a splitting field for Xp — p, the Galois group 
Gal (Q(Cp, -Ç/pVQ) embeds in Sp. Since ρ | ο(φ), φ must be a p-cycle and so 
ο(φ) = p. 0 
4.5 P r o p o s i t i o n Let q be a prime ideai of Ο E that remains prime in L. Let 
ρ = q η Op, and suppose ρ is unramiüed in E. Then f^ = 1. Hence ρ splits 
compieteiy in E. 
P R O O F . Let φ be a prime ideal of OL such that φ ! q. The Frobenius 
automorphism φ*, has order divisible by p, since f^ = p. Since the Galois 
group G a l ( L / F ) embeds in Gal (Q(Cp, tfp)/Q,), we have by lemma 4.4 that 
ff1 — ρ and hence f^ = 1. [] 
4.6 P r o p o s i t i o n Let ρ be a prime ideai of Op such that ρ \ p. Let φ and q 
be prime ideals of OL and OE respectively, such that φ , q | p. Let τη be a 
positive integer. If q remains prime in L, then there exists an integer i such that 
p' (mod p m ) is of order ρ in ( 0 / p m ) * . 
P R O O F . Let η be the order of α — ρ (mod ρ) in к*. Suppose ρ f η . Then 
there exist χ, у С Ζ such that px + ny — 1. Then 
Q = Qr*+ny = (ах)Г 
So α is in klP. Since fcp '—> λ·,,, the element ρ (mod q) is an element of kl*p 
Thus there exists a z С О я such that 
ρ (mod q) — zp (mod q). 
Furthermore since 
ρ (mod φ) = (ζ/ρ (mod φ)) ' ' , 
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there exists a j € Ζ such that 
z = Cp^p (mod φ ) . 
Since q remains prime in L we have an isomorphism 
Gal(L/E) -^ Galifcp/fc,) 
σ ι—> σ, 
where σ(χ (mod ф)) - σ( ι) (mod φ). Let 0 be a generator of Gal(fc^/fcq), 
and σ be a generator of Gal (L/E) such that ф = σ. Then on the one hand we 
have 
φ{ζ (mod ф)) = σ(ζ:) (mod ф) = ζ (mod>:p) = C¿{/p (mod ф), 
but on the other hand 
φ(ζ (mod*P)) = 0(C¿^p (mod^) ) = C¿C;</P (mod φ ) 
with г ^ 0 (mod ρ), since σ is a generator of Gal (L/E). Thus we obtain 
<;}P</p = ePcPVp (mod φ ) 
or equivalently 
( С ; - і ) ^ е ф . 
Since ф is a prime ideal, we have ζ
ρ
 - 1 € ф or ^/p s φ . In both cases we 
obtain φ | ρ which is a contradiction. We have a natural surjective map 
π:(σ/ρΤ -^(0/рУ = к;, 
given by 
χ (mod p m ) ι—> χ (mod p). 
Since the prime ρ divides the order of ρ (mod p) in fc*, it is clear that there exists 
an integer г, such that p' (mod p m ) is of order ρ in ((9/'pm)*. Furthermore, since 
the map π splits and ρ j | кегтгі, we have that the element 
^ ' ( п н ^ р ^ ^ р 1 (mod ρ) 
is of order ρ in k*. [] 
Now we can formulate our main theorem 
4.7 Theorem Let ρ \ \F : Q] · disc(F) and assume that the p-primary part of 
the ideai ciass group Сі(ор) is trivial. Then the p-primary part of ^(Off 1 -]) 
is generated by Dennis-Stein synibois1. 
1 For a definition of Dennis-Stein symbols see page 10 
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P R O O F . Since p\ disc(F), we have an isomorphism 
t: ( M p ® a ( 0 B [ i ] ) ) r ^ U t f j ( 0 F [ i ] ) / p . 
Let a: be a non-trivial element of l/Xp ® 0(С?£;[^])) . We will show that there 
exist u, ν in Op, with 1 - uv € OF[-] , such that 
x¿-{u,v) (mod (K2(0F[i])n. 
By proposition 4.3, there exists a prime ideal q of OE such that 
x = Cp ® [ч^яір]] ι 4 t Ρ a n c l Я remains prime in L. 
Let ρ = q Π Cf. Let m be the order of C¿(OF )· Then there exists an α in Ojr 
such that 
Since only a finite number of primes ramify in E, we may assume that ρ is 
unramifìed in E. By proposition 4.5, we then have /.f — 1. Hence the norm 
map induces an isomorphism 
Since q remains prime in E( f/p), there exists by proposition 4.6 and its proof 
an integer г, such that p' (mod p m ) is of order ρ in (Ор/рт)" and p' (mod p) 
is of order ρ in A;*. Therefore, there exists a fee Ν*, in fact a multiple of i, such 
that 
N; . 
Cp (mod q) ι—> ρ (mod p). 
Since ρ and m are relatively prime, there exist integers χ and y such that 
px + my — 1. Then 
^({α,Ρ*"}) - ( - l ) " ( e W ' , , ? ä ä (mod ρ) 
- pkyTn (mod ρ) 
= / d - P * ' (mod ρ) 
= pk (mod ρ), 
and 
T-q({OiP*,'}) = ï. for q J p, q ^ p. 
Hence we obtain—see section 3 for details the following diagram 
(Ϊ, . . . , ϊ , ζ ρ (mod q),T, . . . , ϊ ) 
| ( N ; ) 
A ' 2 ( F ) 3 {α,ρ*»} н ^ ( Ι , . , . , ϊ , ρ * ( m o d p ) , ï , . . . , l ) , 
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where τ = (rp)pip. By (6)—see section 3—we now have 
x
 Η-ί-, {α,ρ*«·} (mod (K2(OF[i]))'). 
The Steinberg symbol {a,pkyp} can be written as a Dennis-Stein symbol as 
follows. Since pky (mod p m ) is of order p, we have pkyp - 1 e p m . Hence 
p
 a
~— is an element of Oj?. Since ρ is a unit in Ö F [ - ] , we have the Dennis-
Stein symbol (a, —^—) in Κ2(Ορ[-}) which maps to the Steinberg symbol 
{a,pkyp} in K2(F). This observation yields 
χ - U ( α , Ι ^ ) (mod ( ^ ( ^ [ ì ] ) ) " ) . 
Hence we may take и = a and ν = -^—. 
Using the fact that powers of Dennis-Stein symbols are themselves Dennis-Stein 
symbols, it is now easy to see that the p-primary of K2(0F[~]) ls generated by 
those symbols. [] 
Remark The fact that ρ is a unit in O F [ - ] plays a central role in the proof. 
Sometimes it is possible to find a unit ε in Of such that ε (mod p) is of order ρ 
in k*. If this is the case, then our Dennis-Stein symbol is an element of Κ2{ορ). 
5 Computations in real quadratic fields 
In this section, we will give some applications of theorem 4.7. For m С N one de­
fines ui
m
(F) to be the largest integer ƒ such that the Galois group Gal {F(Ç,f )/F) 
is annihilated by m. The Birch-Tate conjecture states for totally real number 
fields F: 
5.1 Conjecture (Birch-Tate) 
The order of the tame JcerneJ K2(OF) is equal to \υ)2(Ρ)ζρ(-1)\-
By the work of Mazur and Wiles we have the following theorem 
5.2 Theorem Let F be a totally real abelian number field. Then the p-part 
offiKziöp) is equal to the p-part of u>2(F)£f (-1) , for aJI odd primes p. 
Now, we direct our attention to real quadratic fields. The following two theorems 
are taken from Hurrelbrink [8]. Let F = Q(va) with d a positive squarefree 
integer and denote by dp the discriminant of F . Let ( —) denote the Kronecker 
quadratic residue symbol. 
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5.3 T h e o r e m Hd Φ 2,5 then 
¿F 
u.2(FKH-i)= j - У : ι ^ М(* - ¿г: 
ьт 
P R O O F . See [8] [] 
The following theorem gives us infinitely many real quadratic fields for which 
the Birch-Tate conjecture for ρ = 2 holds. 
5.4 T h e o r e m (Browkin-Schinzel-Hurrelbrink) Let F •= Q(\/d) with 
d = ρ or d = 2p and ρ a prime such that ρ Ξ ±3 (mod 8). Then 
#K2(OF) = W2(FKF(-1). 
P R O O F . See [3, 8]. • 
Let d be a positive squarefree integer. Fix the following 
Notat ion 
. F - Q(Vd), 
• pa. primitive 3rd root of unity not contained in F, 
• E = Q(v/ä,/>) and 
• К = Q ( v ^ 3 d ) . 
Then we have the following lattice of fields 
Q ( A P ) 
Q(V^Zd) QiVd) Q(p) 
Q 
Let 5' denote the set of 3-aclic primes in OF that split completely in F. It is 
clear that if 3 f dp, then the set S' is empty. Suppose 3 | d. Since in this case 3 
ramifies in F and Q(/9), we obtain: 
The set 5' is not empty <=> I - —— I — 1 
=> d ~ 6 (mod 9) 
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Hence we can replace the condition 3 f dp, as stated in section 3, by the condition 
d φ 6 (mod 9) and thus obtain an isomorphism 
( M 3 ® ö ( o £ [ i ] ) ) r ^ A : 2 ( o F ) / 3 . 
With the use of theorems 5.3 and 5.4 and the examples treated by Kirchheimer&; 
Wolfart [13] {dF = 5,8, #K2(0F) = 4 ) and Hurrelbrink [7] (dp = 17,21, 
ftKiiOp) = 8) we obtain table I. In table I the examples treated in [13] are 
marked f and in [7] are marked J. 
Looking at table I, we see that for dp < 1000, there are sixteen cases for 
which the order of Κ2(Ορ) is only divisible by 2 or 3. For four of them, i.e. 
dp = 24, 29,109 and 228, we know precisely the order of K2(Op). Hurrelbrink 
[8] computed the group K2(Op) for dp = 24. We will compute the group 
КгіОр) for dp = 29,109. We would like to point out that our method of 
computation fails for dp = 24, since 24 Ξ 6 (mod 9). See also section 6. 
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¿F 
~ 5 
8 
12 
13 
17 
21 
24 
28 
29 
33 
37 
40 
41 
44 
53 
56 
57 
60 
61 
65 
69 
73 
76 
77 
85 
88 
89 
92 
93 
97 
101 
104 
105 
109 
113 
120 
124 
129 
u>2 Ч И - і ) 
24 
2 3 - 3 
2 5 
2 3 · 5 
2 3 · 7 
2 4 · 3 
2 6 
24 -3 
2 3 1 1 
2 4 · 3 
2 3 · 3 2 
2 3 1 3 
2 4 · 5 
2 3 · 3 2 
2 3 1 7 
2 4 -32 
2 4 · 3 2 
2 3 · 17 
2 5 · 5 
2 3 · 5 2 
#K2(OF) 
2'¿ t 
22 t 
г
2 
г
2 
2 3 í 
23 í 
2 2 · 3 
22-3 
22-5 
22 -7 
2 2 · 7 
2 2 · 7 
2 2 · 1 1 
2 2 1 9 
22-23 
22-19 
22-52 
г
2
 - 3 3 
¿F 
133 
136 
137 
140 
141 
145 
149 
152 
156 
157 
161 
165 
168 
172 
173 
177 
181 
184 
185 
188 
193 
197 
201 
204 
205 
209 
213 
217 
220 
221 
229 
232 
233 
236 
237 
241 
248 
249 
W2 - С И - 1 ) 
2 3 · 1 7 
2 3 · 2 3 
2 6 · 3 
2 3 · 1 9 
2 4 · 3 2 
2 8 
2 4 13 
2 8 
2 4 · 1 1 
2 3 · 3 3 
2 3 • 3 · 13 
2 3 · 3 7 
2 4 -19 
2 5 · 7 
2 3 . 7 2 
2 3 . 7 2 
2 3 · 3 - 1 3 
2 4 17 
2 3 · 4 7 
2 4 - 3 · 5 
2 4 -29 
2 4 ·23 
2 8 
2 3 . 5 3 
2 3 · 5 · 7 
2 3 · 7 1 
2 4 • 3 · 7 
2 3 · 3 · 23 
#K2{OF) 
г
1
 • 5 · 7 
2 2 . 4 1 
22-43 
г
2
 - З
2
 - 7 
2 2 · 3 · 13 
г
2
 3 19 
2 2 . 7 2 
2 2 · 3 4 
г
2
 - з
2
 · и 
2 2 · 5 · 1 7 
table 1 
59 
dF 
264 
268 
280 
284 
296 
312 
316 
328 
332 
344 
348 
364 
376 
380 
408 
412 
424 
428 
440 
444 
456 
460 
472 
476 
488 
492 
508 
520 
524 
536 
552 
556 
568 
572 
584 
604 
616 
620 
W2 - С И - і ) 
2 Β · 7 
2 3 · 6 7 
2 4 · 2 9 
2 3 · 3 · 23 
2 5 · 3 · 7 
2 3 · 3 4 
2 4 · 3 · 1 3 
2 3 · 103 
2 4 · 5 3 
2 4 · 4 3 
2 3 · 103 
2 4 · 3 1 9 
2 3 · 103 
24 -61 
2 5 · 3 - 1 1 
2 3 • 139 
2 5 · 3 1 
2 3 · 3 3 • 5 
2 8 -5 
2 3 · 173 
2 4 · 7 · 1 1 
2 3 · 3 3 · 7 
24 -73 
2 4 -83 
24 • 3 · 37 
2 4 · 113 
2 4 · 7 · 1 3 
#K2(0F) 
22 · 3 · 4 1 
2 2 · 3 · 41 
2 2 · 3 · 43 
2 2 · 5 · 31 
2 2 · 3 2 · 29 
22 • 197 
22 • 277 
2 2 · 3 · 7 1 1 
2 2 - 3 2 - 3 1 
2 2 · 7 · 4 3 
2 2 - 3 · 1 2 7 
dF 
632 
636 
652 
664 
668 
680 
696 
712 
716 
728 
732 
744 
748 
760 
764 
776 
780 
796 
808 
812 
824 
840 
844 
856 
860 
872 
876 
888 
892 
904 
908 
920 
924 
940 
952 
956 
984 
988 
">2 · СИ- 1 ) 
2 4 · 8 9 
24 · 3 · 5 · 7 
2 4 · 7 · 1 3 
2 3 · 1 1 19 
2 3 · 239 
2 1 1 
2 3 · 3 · 71 
2 4 • 3 · 41 
2 3 · 3 · 7 · 13 
2 3 · 5 2 · 11 
2 3 · 5 • 61 
2 5 - 5 · 13 
2 3 · 2 5 1 
2 4 · 3 3 · 5 
24 · 3-5 11 
2 4 · 127 
2 3 · 3 · 7 · 13 
2 4 · 5 · 3 1 
2 4 · 1 3 9 
2 4 · 173 
2 3 · 3 2 · 5 · 7 
2 6 · 3 2 · 5 
2 4 · 7 · 2 9 
2 3 · 3 1 1 
2 5 · 3 · 3 1 
2 3 · 3 2 · 47 
2 4 · 3 · 6 7 
2 5 -89 
2 3 · 421 
2 4 · 3 · 73 
#K2(0F) 
2 2 · 467 
2 2 • 503 
2 2 · 3 · 1 5 7 
2 2 • 3 3 · 23 
2 2 11-67 
2 2 · 757 
2 2 · 1 1 · 5 3 
2 2 · 5 2 · 23 
table 1 continued. 
Fix the following 
Notation 
• AE = the 3-primary part OÌCÌ(OE[1}), 
• AF =r the 3-primary part O{CÌ{OF[\}) and 
• AK = the 3-primary part of Се(О
к
[|]). 
Using orthogonal idempotents in the group ring Z3[Gal(E/Q)}, we obtain a 
direct sum decomposition 
AE - ^ AK φ AF. (8) 
For details see [29, pl90]. 
5.5 T h e o r e m Let F = Q(y/29). The tame kernel K2{0F) has order 12 and is 
generated by the symbols 
{-1,-1}, {-Ι,ε} and (ω,1-/) 
where ω = 1 + ^ 2 9 and ε - ω + 2 is the fundamenta/ unit of F. 
PROOF. Using theorems 5 3 and 5.4, we obtain 
#K2(OF) = 12. 
Determination of the 2-primary part ofK^Op) 
Denote by 
the homomorphisms 
{r,s} 
f,g:K2{F)->{±\} 
-U Í"1 i f r 
—
* \ 1 oth 
< 0 and s < 0, 
otherwise, 
1 if а(г) < 0 and a(s) < 0, 
otherwise, 
where σ is a generator of Gal(F/Q). Then we have 
{-1,-1} - ^ - 1 , {-Ι,ε} i - ^ l and { - 1 , ε } ^ » - 1 
Hence {-1,-1}, {-Ι,ε} and { —1,—ε} are three different elements of order 2. 
Remark This is always the case if ΛΓ(ε) = - 1. 
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Therefore, since the 2-primary part of / ^ ( Ö F ) has order 4, we have 
(K2(OF))2 = { i , { _ i , _ i } , { - i , c } , { _ i , - c } } . 
Determination of the 3-primary part of K2{Of) 
Since the order of K2(0F ) is 12, it is clear that the 3-primary part of Ä ^ ö f ) 
is cyclic of order 3. 
Since 29 Ξ 2 (mod 9), we have an isomorphism 
{μ3®α(οΕιΙ}))Γ ^K2(OF)/Z. 
First we will determine a non-trivial element in (цз ig» C£(OE[\])) • 
Because the group СІ(Ор) is trivial, and hence Ap is trivial, we obtain from 
the direct sum (8) an isomorphism induced by the norm map 
N $ : A B ^ A K . (9) 
Let ω' = ' g 2 9 , η = ^ j - ^ - and η' = l~ ^ 8 · Consider the natural surjective 
map 
α(ο
κ
) -^ ci{oK[\]). 
Since ÌGK — (3,7/ + I)2 , this map induces an isomorphism on the 3-primary 
parts 
(α(ο
κ
))
Λ
^Α
κ
. (io) 
Consider the splitting behaviour of the prime 7 in the subfields of E. We have 
7 0 „ - i 7 7, + 2)i7 7, + 4i and f (^V + 2)0E = (ω,η ^ 2)(ω\η + 2) T U * - ( 7 , 7 7 + 2X7, τ , + 4) and {
 {7^ ^ 4 ) 0 E = {ш^ + ^ ^ ^ ц 
70»-Ιωί(ω') and f »OB = {ω,η + 2){ω,η + A) 70F-(u>)(u,) and ( W O B = ( ω . ι 4 + 2 ) ( α , , > Ι / + 4 ) . 
Because of the isomorphism (10) and the fact that [(7, η + 2)] is of order 3 
in (X(OK), we obtain that the element [(7,η + 2)Οκ[\]] is of order 3 in AK. 
Consider the element 
x = p® [{ω,η + 2)0
Ε
[\]]. 
An easy computation shows that 
χ
σ
 = χ for all σ e Г. 
By (9) and (10) and the fact that Αχ = Z/(3), we have an isomorphism 
П®С1(Ов[\\)^А
в
. 
Since 
[(*,7, + 2 ) 0
Е
[ і ] ] Л І [ ( 7 , 7 , + 2 К Ы ! ] ] , 
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we now obtain that χ is a non-trivial element of (дз ® β(θ£;[ | ] ) ) . Let ρ be 
such that 77 = (2p+ 1)ω — p. Denote by ρ and q the prime ideals (in respectively 
OF and OE) 
p = (ω) and q = (ω, 77 + 2) = (ω, ρ - 2). 
Since p - 3 2 = p - 2 - 7 = p - 2 + ωω' e q, we have 
JV" 
ρ (mod q) 1—^ 32 (mod p). 
Therefore, we have the following diagram 
( ϊ , . , . , ϊ , ρ (mod q ) , ï , . . . , ï ) 
К2{Р)Ъ К З 2 } -^» ( ï , . . . , ï , 3 2 (mod p )Д, . . . ,Τ). 
By definition of the map t, this yields 
χ ^ { α - , 3 β } (mod {K2(OF\\\))\ 
Since 3 2 (mod p) is of order 3, we have 3 6 - 1 £ p. Hence —~x is an element 
of Of. Since 3 is a unit in Op Γ|], we have the Dennis-Stein symbol (ω, î ^ - ) 
in Ki(OF[\\), which looks like the Steinberg symbol {ω,36} in К
г
{Р). This 
observation yields 
x ^ ^ i - f ) (mod {К2{ОьЩ))Ъ). 
However, we have to do better then this. Since the prime 7 splits completely in 
Op, we have an isomorphism 
Z/(7) % f c p 
Because ε = 2 + ω ΞΞ 2 (mod ρ) and 2 is of order 3 in (Z/(7))*, we obtain that 
the fundamental unit ε, has order 3 in fc*. Since 
ε Ξ ρ (mod q) 
we obtain 
ρ (mod q) 1—^ ε (mod p). 
In a similar way as before, we have a diagram 
( ϊ , . . . , ϊ , ρ (mod q ) ,T , . . . , í ) 
A' 2 (F)9 Κ , ε } ^ ( T , . . . J , e (mod р ) Д , . . . , 1). 
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By definition of the map t. this diagram yields 
д - н ' . ^ - . И } (mod (K2(OF\1\))3). (11) 
Since ε (mod p) is of order 3, we have f3 1 & ρ and hence £ "- is an element 
of OF- Since ε is a unit in Op, we have the Dennis-Stein symbol (aj, -~—} in 
K2(OF), which looks like the Steinberg symbol {ω,ε3} in Ä ^ F ) . By (7)—see 
section 3—and (11), we now have 
x ^ u , , 1 - / ) (mod (K2(0F)f). 
Since the 2-primary part of Ä ^ ö f ) is 2-elementary, it is now clear that 
generates the 3-primary part of K2{OF)- This concludes the proof of the theo-
rem. [] 
5.6 Theorem Let F - Q^^d). The tame kernel ^ ( C F ) has order 108 and 
is generated by the symbols 
{-1 , -1} , {-I,*} and (ω+ 4,^), 
where ω = ϊ+ψΜ and ε = 118 + 25 ω is the fundamenta] unit of F. 
PROOF. (Compare also with the proof of the previous theorem) 
Using theorems 5.3 and 5.4, we obtain 
#-K2{0F)- 108 = 2 2 · 3 3 . 
Determination of the 2-primary part of K2{OF) 
We have Ν(ε) — —1, hence we obtain 
{K2{OF))2 - {1,{ -1,-1},{-1,ε},{-1,-ε}}. 
Deterinination of the З-ргітагу part οίΚ2{Ορ) 
Since 3 { disc(F), we have an isomorphism 
( м з ® о ( 0 £ Ц ] ) ) Г - ~ » К 2 ( О р ) / 3 . (12) 
Because the group CÍ{OF) is trivial, we have as before an isomorphism induced 
by the norm map 
NZ:AE ~+AK. (13) 
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From (12) and (13) and the fact that the ideal class group CÎ(OK) has order 
12, we obtain that the 3-rank of Κ2(Ορ) is equal to 1. Therefore the 3-primary 
part of K2{Of ) is cyclic of order 27. 
Next we will determine a non-trivial element in Κ2(Ορ)/3. Let 
, 1 - уД09 1 + v/^327 , , 1 - ^/-327 
ω = , η = and η = . 
2 * 2 2 
Consider the natural surjective map 
a(oK)-^ct(oK[\]). 
Since ЗОк — (3,7/ + I ) 2 , this map induces an isomorphism on the 3-primary 
parts 
(α(Ο
κ
))3 ^ AK. (14) 
Consider the splitting behaviour of the prime 7 in subfields of E. Via К we 
have 
7 0 к = ( 7 , 7 7 + 1)(7,77 + 5) 
and 
(7,7? + l)0E = {ω f 4,7? + 1)(α;' +4,7? + 1) 
(7,7? + 5 ) 0 E = (a; + 4,7? f 5)(ω'+ 4,ij + 5), 
and via F we have 
70F = {ω t-4)(u/+4) 
and 
ί{ω + 4)OE = {ω + 4, τ? + 1)(ω + 4, τ? I 5) 
\ (ω' + 4)ΟΕ = {ω' + 4, τ? + 1){ω' + 4, τ? + 5). 
Because of the isomorphism (14) and the fact that [(7,7? + 1)] is of order 3 
in СІ(О
к
), we obtain that the element [(7,r/ + l ) ^ ^ ] ] is of order 3 in AK. 
Consider the element 
χ = ρ®[(ω + 4,η + 1)θΕ[\]]. 
An easy computation shows that 
χ
σ
 = χ for all σ 6 Г. 
Because AE — Z/(3), we have an isomorphism 
μζ®α{0
Ε
\\])-+Α
Ε
. 
Since 
[{ω + ^ η + 1)Ό
Ε
[\\\ Ä [(7,„ + 1 ) 0 , ^ ] ] 
we obtain that a· is a non-trivial element of (^з g»Cí{OE[\})) • 
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Let ρ be such that η - (2p -t \)ω - p. Denote by ρ and q the prime ideals 
(in respectively Op and Ό
Ε
) 
ρ = (ω + 4) and q - (и) + 4,7j-f 1) - (ω + 4,p 2). 
Since the prime 7 splits completely in Op, we have an isomorphism 
2/(7) ~-fcp. 
Because ε = 118 + 25u> — 4 (mod p) and 4 is of order 3 in (Z/(7))*, we obtain 
that the fundamental unit e has order 3 in fc*. Since 
ρ - ε
2
Ξ 2 - ε 2 Ξ 2 - ( α > - 1 ) = 3 - ω = 0 (mod q), 
we have 
JV" 
ρ (mod q) ι—"-> ε2 (mod ρ). 
This observation yields the following diagram 
( Ϊ , . . . , ϊ , ρ (mod q ) , I , . . . , ï ) 
A : 2 ( F ) 9 {α; + 4,ε2} ¿U ( î , . . . , ï , e 2 (mod p), 1 , . . . , Τ). 
Thus by the second description of the map t-see section 3-we have 
ι ^ { α ;
 + 4,ε
6} (mod {K2{0F[±\)Y). 
1 — ö 
In fact, since ε is a unit in OF and -^j is an element of Op, the Steinberg sym­
bol {uM 4,ε6} in K2(F) can be written as the Dennis-Stein symbol (ω + 4, ^ г г ) 
in N2(0ρ). Thus we obtain 
* - ' • ( " + 4 , ^ ) (mod ( ^ ( C i · ) ) 3 ) · 
As before, it is now easy to see, since the 2-primary part of N2(0y) is 2-
elementary, that the element 
generates the 3-primary part of К2(Ор) and is of order 27. Therefore the tame 
kernel K2(OF) is generated by the symbols 
{-1,-1},{-1,ε} and (ω + 4 , ^ ) . 
D 
ее 
It seems possible that in the case of a real quadratic field, one can always 
find a unit in Op with the desired properties as in the theorems above. I have 
not been able to prove this. 
For the computations I have chosen fields for which there was only a non-
trivial p-primary part for ρ e {2,3}. The reason is obvious. In these examples 
the degree [F(p) : Q] = 4, but for instance when F = Q(%/Î0Ï) we have to deal 
with the extension Q(\/ l01,(i9)/Q of degree 36, which is much more difficult 
to handle. 
6 Presentations of SLn(0) in the real quadratic 
case 
If R is a Dedekind ring of arithmetic type with infinitely many units—for exam-
ple R = О the ring of integers of a real quadratic field—one has an isomorphism 
K2(n, R) -^ K2{R) for η > 3. 
For a proof see van der Kallen [12]. By ΑΊ-stability for these rings, it also holds 
that SL
n
(R) is generated by elementary matrices and one has an isomorphism 
SL
n
(R) -^ St
n
{R)/K2{R) for η > 3. 
Therefore we obtain an explicit presentation of SL
n
(R) in terms of the usual 
relations of the Steinberg group Stn(R), by adding only those relations which 
correspond to a set of generators of /^(-R)· 
Let d be a positive squarefree integer and let F be the real quadratic num­
ber field Q(\/d). For some small values of the discriminant d^-namely dp = 
5,8,12,13,17,21 and 24-explicit presentations for 5£
п
( О г ) with η > 3 were 
given by Kirchheimer & Wolfart and Hurrelbrink. For details we refer to 
[13, 7, 8]. Except in the case dp = 24, where #K2(OF) — 12, the tame kernel 
К
г
{ор) is a 2-gfoup. 
Consider the case dp = 24. Since the 3-primary part of KÌ{OQ,J6·.) is non-
trivial one could hope to find a generator the same way we did in theorem 5.5. 
However in this case we have an isomorphism 
K2{OF)IZ -^ 0 //3, 
PCS' 
where 5 ' is the set of 3-adic primes that split completely in F{p). So our 
techniques do not work in this case. In this case (dp — 24), Hurrelbrink finds a 
Dennis-Stein symbol of order 3 in an ad hoc manner and is thus able to compute 
^
2
^0(\/б)) · ^ e e И ^ o r details. Our approach however is more systematic and 
deals with more difficult situations (See theorem 5.6 where the 3-primary part of 
the tame kernel Κι{Οη,^
λ09\) is of order 27). By the work done in the previous 
section we can give the following presentations: 
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6.1 T h e o r e m Let F =• Q(v29) and Jet η -t 3. Then SL
n
(0F) has the 
following presentation 
generators: elementary matrices χ13(ί) with t Ç Op, 
relations: usual Steinberg relations, and in addition only the three reJations 
given by 
hn(r)hu{s) - /112(7·«) 
with 
г = —1, s = —Ι,ε 
and 
- Ц і - о Ь ) - 1 - a 6 o ( l - oí.)"1 , , , .4 
ar21 x12 x 2 i x 1 2 — hi2(l - ab) 
with 
a = ω and b = i ^ = 8 ω' - 26. 
6.2 Theorem Let F - Q(\/ÏÖ9) and Jet η > 3. Then SL
n
(0F) has the 
following presentation 
generators: elementary matrices Xij(t) with t € Of, 
relations: usual Steinberg relations, and in addition only the three relations 
given by 
huir) h^is) =Λΐ2(ί,β) 
with 
г = —1, s = —Ι,ε 
and 
ι 2 1 а;12 ж21 і І 2 = / i i 2 ( l - o ö ) 
writJi α - ω + 4 and Ь = ^ - (ω1 + 4)(20418606790164 + 4325835558600ω). 
Chapter V 
Another approach for ρ = 3 
1 Introduction 
For the rest of this chapter, except for section 2, we let ρ = 3. Let F denote a 
number field not containing a primitive third root of unity p. Let E denote the 
number field F(p). 
In this chapter we define two maps, which in fact are homomorphisms, be­
tween the minus part of the 3-primary part of Щ О ^ Ш ) denoted AE—and 
the group K2{OF[\])/'Z. 
The first map, i.e. Gi : A~E —» ^ ( C ^ l l D / S , is based on the definition of the 
tame kernel, 
tf2(CMÌ]Hker(tf2(F)^0 *;), 
Pt3 
and is essentially the map L defined in chapter IV of this thesis. 
The second map, denoted by G2, is based on the Milnor definition 
tf2(C4j]) -- ker(5<(0F[i]) — E{OF\\\S\ . 
In section 2, where ρ is an odd prime number, we will define a homomorphism 
B: keriV* - ^ {X С SLp.,(0F[l}) | X' - 1 } / . - ^ K2(0F[l-})/p. 
If ρ — 3, then кот Np = Ag and we define G2 ' B. Here Np denotes the norm 
map (u :(O i- ( C f, )['j))p — > (Ci(C»f[ij))p. The map χ is based on ideas of K.S. 
Brown [4, p252]. 
Our main result—theorem 5.1—is that if 3 \
 LF : Q], then Gi - G2. 
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Remark Our main theorem follows also from recent research of Mulders [22] 
on this subject. His approach is totally different. 
2 The maps χ and φ 
Throughout this section we fix the following notation 
• ρ an odd prime number, 
• ζ
ρ
 a primitive p-th root of unity, 
• F a number field not containing ζ
ρ
, 
• E = Ρ(ζ
ρ
), and Γ = Gal(f;/F) = (σ), 
• Op and OE the rings of integers in F and E, 
. R = OF[Ì] and 5 - О
в
[\\. 
For reasons of simplicity we assume that [E : F] = ρ — 1. 
2.1 P r o p o s i t i o n The ring S is equal to R{Cp}. 
P R O O F . See Swan [25]. [] 
We will describe some connections between the ideal class groups of 5 and R 
respectively. We fix the following 
N o t a t i o n Let A E = {C¿(S))p and AF = (Ci(R))p, where ( )p denotes the 
p-primary part . 
We have the following well known commutative diagram 
л
 N
 л 
AE —> AE 
[ff / ]w? (1) 
A
r
 ^ Ar, 
where 
• Ν =- 1 Ι σ + σ2 + · · · + σ^Ε ^ - 1 , with σ a generator of Γ = Gal ( F / F ) , 
• -[F : F], the map с >-> ¿E F | , 
• j the map [Л] · •» [DS], with Гі an ideal of Д, and 
• І ^ the ordinary norm map on the ideal class groups. 
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Since ρ and [E : F] are relatively prime, the bottom map of diagram (1) is an 
isomorphism. Therefore the map j is injective and the map JVj; is siirjective 
and we obtain 
keriV-keriV^. (2) 
2.2 Proposition Let a be an ideai of S such that [n] is an eiement ofkerNy. 
Then a is a free R-module of rank ρ — 1. 
P R O O F . Since by proposition 2.1 the ring S is a free .R-module of rank ρ — 1, 
we have from Algebraic .ftf-theory, the following commutative diagram 
Ko{s) - ^ ce(s) ζ 
Η W l p _ i (3) 
Ko(R) -~* Ct(R) Θ Ζ 
The ideal о is a finitely generated and projective S-module. Hence we obtain, 
since [n] is an element of keriVjF, from diagram (3) 
{ п } ^ ( [ а ] , 1 ) ^ ( [ п ] , р - 1 ) , 
where {a} denotes the class of π in Ko(S). Since R is a Dedekind ring, the ideal 
π is a free ñ-module of rank ρ - 1. Π 
2.3 Definition Let η e N. Let А, В € Mn{R). Then 
A ~ В <{-=> There exists a matrix X Ç GLn(R) such that XAX ~λ = B. 
It is clear that ~ is an equivalence relation in M
n
(R). 
First of all we will define a map 
V keriVf ->{XcSLp ^R) , Xp = 1}/^. 
Let α be an ideal of 5 such that [a] is an element QÎkcrNf. By proposition 2.2, 
we know that η is a free .R-module of rank ρ — 1. Let a i ,Q2, . . . ,θρ-ι t 5 be 
such that ( α ι , α 2 , . . . ,Qp i) is an Ä-basis of n. Consider multiplication by ζρ 
on a: 
a —> a 
о > —> ζ
ρ
 • α 
Let A denote the matrix of this map with respect to the basis (αι ,θ2, . · • .α
ρ
 ι). 
Then obviously A is of order p, thus ( d e t ^ ) ) ' ' — 1 and since ς^ is not in R, so 
detfA) - 1, we obtain that A is an element of SLp i{R). 
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2.4 Propos i t ion Suppose a and b are both ideals of S such that 
α ~ b and [α] is an eJemeiit of кет Ν β. 
Let (Qi,a2, . . . ,αρ_ι) be зн R-basis of α and (βι,β2,... ,β
ρ
-ι) be an R-basis 
of b. Let A(resp. B), denote the matrix of multiplication by ζ
ρ
 on the basis 
(Q1,a2,...,ap_i)Cresp.( /3i, /92,...,/3p-i)j. Then 
A ~ S . 
P R O O F . Since a ~ b and hence [a] = [b] we have a 5-module isomorphism 
а ^ b. 
Therefore we have a commuting diagram 
α ^ * b 
I С } С (4) 
α - ^ b 
Let Χ € GLP-\{R) denote the matrix of the map α -^ -» b with respect to 
the bases (ai ,Q2,. . . ,α
ρ
-ι) and (β\,β<ι,.. .,β
ρ
-\). Then from diagram (4) we 
obviously have 
Α = χ-
λ
ΒΧ. 
Hence A ~ B. [J 
By proposition 2.4, we now have a well-defined map 
VeiNf - ^ {X € 5Ь
Р
_ 1 (Д) | Χ* = 1 }/^ 
[α] — [AU 
where A G SLP-\(R) is the matrix of multiplication by ζρ on some R-basis of 
a. 
Next we will define а map 
φ: {X€SLp.l(R)\X^ = \}-^K2{R)lp. 
Let A be an element of SLp-i{R) of order p. Consider the short exact sequence 
1 —» К
г
(Е) —> St(R) -^» E(R) — > 1. (5) 
Since by theorem 1.2.4, we have 
SL
n
(R) = E
n
{R) for η > 3, 
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the matrix A G SLp-\(R) will be viewed as an element of E(R). Let yA € 
St{R) be a lift of A. Then ф(ур
А
) = A? - 1, so ypA is an element of КгіК). 
Suppose zA e St(R) is another lift of A. Then Удг"1 € Ä^i-ß)· So we have the 
congruence 
y?A = z?A (mod (K2(R)n 
This gives us a map 
{XÇSLP-1{R)\XP = 1} - ^ ЛГ2(Л)/р 
Л ^ »i :mod(if 2(Ä)) p . 
2.5 Lemma Let η > ρ - 1. Let А, В e £
П
(Д) be matrices of order p. Suppose 
there is an invertibie matrix Χ ζ GL
n
(R) such that XAX'1 = B. Let a,b e 
St(R) be Jifts of respectively A and B. Then 
a" = b" (mod {faiR))"). 
P R O O F . Consider the matrix identity 
( χ χ - . ) ( 4 ) ( χ , χ Μ β 0 · (6) 
where I
n
 is the η χ η identity matrix. It is a well known fact that the matrix 
(
 γ
-ι 1 is an element of E2
n
{R)· Let χ G St(R) be a lift of I
 1 J. 
From the identity (6), we obtain that a;ax~1ò~1 is an element of K2(R)- There-
fore we have 
{χαχ-1)"^-1)" = {xax-1b-1)p> 
and consequently 
(xax^y^W {mod {KiiR))"). 
Because (xax~1)p — xapx'1 and ap is central in S<(i?), we have 
a? = b* (mod {K2{R))P). 
w 
Hence ψ induces a map (also denoted by φ) 
Φ 
> j 
[AU — ypAmoa(K2(R))p. 
{XçSLp_l(R)\Xp = l}/^ -*> K2(R)/p 
2.6 Definition Define the map 
В: кегЛГ| —» А"2(Д)/р 
by the composition of maps 
keriVf ^ ^ { X c S V i W i * 7 ' ^ 1 } ' ' - - ^ А-2(Д)/р 
Ια] ь—» [Л]~ - - ^ mod (А-2(Д))Р 
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2.7 Proposition The тар В: ker N^ —·> K2(R)/p is a homomorphism. 
P R O O F . Let χ and у be elements of kerNp. Then there are ideals η and b in 
S such that 
χ = [a] and y = [b]. 
Let с be an ideal of 5 such that 
We must show that 
[c] = [n][b]. 
B([a][b]) = B([û])B([b]). 
We may assume that we have 
• a, with A-basis ( Q I , Q 2 , . . . ,αρ_ι) and A € SLp^i(R) a matrix corre-
sponding to multiplication by ζ
ρ
 on α with respect to this basis, 
• b, with Ä-basis (βι,βί,-. • ,βρ-i) and В С SLp-i(R) a matrix correspond­
ing to multiplication by ζ
ρ
 on b with respect to this basis, 
• c, with Д-basis (71,72,... ,7ρ-ι) and С С SLp_ 1 (R) a matrix correspond­
ing to multiplication by (p on с with respect to this basis. 
Now as S-modules we have an isomorphism 
α Θ b ^ с Θ 5, 
and as A-modules we have an isomorphism 
p - l p - l 
If we multiply by ζρ on the iZ-basis (71,72,· 
the matrix 
0Я7, 0ігс; 
1=1 1=0 
(7) 
,7p-iil.Cpi---iC£~2). we obtain 
С 
where T = 
/0 
1 
0 
0 
Vo 
1 
1 
1 
- i \ 
- 1 
- 1 
- 1 
- 1 / 
С SLp-^Z). 
Because of the isomorphism (7), there exists a matrix Y G GL2p-2(R) such that 
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Let α, 6, с and t € St(R) be lifts of respectively A,В,С and Т. Now use 
lemma 2.5 and the definition of St(R) to obtain 
a
pV = Μ" (mod (K 2(i?)) p). 
Since <p is an element of ./^(Z) — Z/2, we have 
f = 1 (mod (K2{R))P). 
As a consequence we obtain 
a
pV = cp (mod (K2{R))P). 
Hence the map B: keiNß —• K2(R)/p is a homomorphism. [] 
3 The maps Gi and (^ 2 
From now on we let ρ — 3. We use the same notations as defined in section 2. 
We fix the following 
N o t a t i o n Let AE = {Ci(S))3 and AF = (a(R))3. 
3.1 Definition Let Ag = {Щ£І)АЕ- Then we have obviously a direct sum 
decomposition 
AE = A%<BAE. 
3.2 L e m m a The ierneJ of JV = 1 -f σ : Aß —• Aß is equal to A^. 
PROOF. Since squaring on Л^ is an isomorphism we have 
Α
±
Ε
 = (Α±
Ε
)2 = (1±σ)Α
Ε
. 
From the short exact sequence 
1 -> keriV -+ AE -» (1 + σ)^Ε -» 1, 
we obtain J4¿ — кег(АГ). [] 
3.3 Propos i t ion We have an isomorphism 
(ßi®a(S)f ^А-
Е
/(А-
Е
)Л. 
PROOF. Since AE is the 3-primary part of CÍ(S), we have 
μ3®α(8)^μ3® Ag-
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Now 
(μ3®Α
Ε
)Γ = {pigiar | (ρ® χ)σ = ρ® χ, Va e Γ} 
- {ρ® χ | ρ" 1 ®χσ = ρ® ζ, Ver é Γ} 
^ { ρ φ χ | ρ ® ! 1 7 = ρ® ι"1, ст e Γ} 
^ { x m o d ( A E ) 3 \χσ = χ-1} 
since we have an isomorphism 
μί® AE ^ AEI{AE)Z· 
Hence (μ, ® a ( S ) ) r ^ > Л^/(.4^) 3 . [] 
3.4 Definition The map Gi is now defined as the composition 
A'E — AE¡{A'EY - ^ (μ, ® α ( 5 ) ) Γ - U К 2 (Д)/3. 
It is clear that Gi is a homomorphism. 
From (2) and lemma 3.2 it follows that кет N pi = A^. 
3.5 Definition The map G2 is now defined as the composition 
A-E -^ { X e SL2(R) \X3 = 1 }l„ U K2(R)/Z, 
as defined in section 2 with ρ - 3. 
4 A closer look at t h e m a p ?/> for ρ — 3 
In section 2 we defined a map for ρ = 3 
{ X e SL2(iï) ι Χ 3 - 1}/„ -1» ЛГ2(Л)/3. 
In this section we take a closer look at the map ψ. 
Let A — I J e SL2{R) such that Л is of order 3 and α is a unit in R. We 
will determine the image of A under the map φ in K2{R)/3. Before we do so, 
we will describe some elements of St(R) of a special type. 
4.1 Definition Let и be an unit of R. Then we define for all positive integers 
г, j with i / j the following elements in St(R): 
и<
г](и) =' X y l " " X4 a n d ftiji«) " ^ «'t j(M)M',j(-l). 
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Obviously we have 
w~
l(u) = w,}(—u) and h,j(l) = 1. 
Let α and β be units of R. Then the elements xi2,22i,'W\2 and /112 satisfy the 
following relations (see Silvester [24]): 
(i) Λΐ2(α)2;?2 = xn ^12(0;), 
(ІІ) Λΐ2(α:) X2\ •= ^fr Ίΐ2(θ:), 
(iii) 1^12(0) a;i2 - Xii" ^12(0)1 and 
(iv) » ^ ( α ) ! ^ = Xu" wn(a). 
The above identities can be viewed as identities in St(F), where F is the field 
of fractions of R. 
Since the matrix A is of order 3, we have 
det(.A) = ad - 6c = 1 and Tr(A) - a + d = - 1 . 
Suppose b = 0 or с = 0. Then we have 
a
2
 + a + 1 = 0. 
Since ρ is not in R this situation can not occur. Hence all the entries in A are 
non-zero. We can write A as product of elementary matrices in ^ ( ñ ) : 
From equation (8), we obtain 
і/д = xc2ì '/112(0) IÎ5"1 is a lift of Л in 5<(Ä). 
Now j / ^ is an element of Ä^-R)· Since K2(R) '—> K2{F), the element 3/' is a 
product of symbols {u,v} in Ä ^ F ) with u,v £ F. 
4.2 Proposition The element 112" ^ ^ ( а ) ^ ! ? ) 1 П ^ ( Д ) maps to the 
element {с,а3}{-1,-1} in Ä"2(F). 
PROOF. With the use of relations (i) and (ii) we obtain 
_ „ca 'ba ca ' Ьа3 со S L / \3 fco ' 
— *21 •''12 '''21 •''12 "''21 " Ί 2 ^ " / •C12 
= i j j I21 Γ ΐ 2 •''21 ^-іг x2i hiì(a) (9) 
(Conjugation by x\% fixes elements of K2(R)). 
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Use the formula 
χΙ2ΐ = x\2 wi2{—t~l) '^12 where t€ F*, 
to eliminate the 'Ж21 '-terms in equation (9): 
УІ = Xbiailx"i
1
wi2(-ac-l)xrt1x4lixf2ely>i2{-aic-1)xf3c,x4it 
xf2r'iwi2{-a5c 1)х£с ' Μ α ) 3 . (10) 
Now we have 
a
5
c ' ι / \3 ι / \3 ( c o ) " ' 
XJ2 Пі2(а) = fti2(a) x 1 2 
So if we conjugate the expression (10) with χ1^ and collect ' xn ' - terms we 
obtain 
3 (l + bc+a 2 )(ca)^ 1 / _ 1 \ a a ( l + bc+o2)(ac) ' / 3 1 \ 
Ул = Xu w i 2 ( - a c 1)х12к u ; i 2 ( - a d c L) 
^ ^ ( l + ò c + a ' X o c ) " 1 / 5 - η , , чЗ 
Xu i í>i2(-a0c ' ) Λΐ2(α) 
= Xi2 Wi2(—ас'1) x^2 c Wi2(—a 3 c _ 1 ) a;|2a c 
ω ΐ 2 ( - ο 5 ο _ 1 ) / 1 1 2 ( a ) , since - a = 1 + be + a 2 . (11) 
We can rewrite expression (11)-using relations (iii) and (iv)-as a product of 
'/ii2'-s: 
У** =
 xi2 x2i x\2 ^ ^ ( - a c " 1 ) №i2( o V ' ) UI12 ( -a 5 c 1)кі2{а)' 
- mui - с - 1 ) оі2{-ас'1) wi2( a?c~l) wi2(-cf c~l) hniaf 
= h,2{-c-x)hn{ac x) ^hni-a^c-^hni^c-^huiaf (12) 
In K2{F) we have for all Q,/3 G F * , the following identity 
{α,β} = hn(aß)hn(a)-1 huiß)'1 • (13) 
Therefore, we obtain 
hi2{-c~1) hi2{ac~1) = { a c - 1 , - α _ 1 } Λ ΐ 2 ( - α ' ) , 
and 
^2{-алс-1)кгг(аъс 1) l = { α 5 ^ 1 , - α " 2 } ^ ( - α " 2 ) . 
So the expression (12) becomes 
{ a c - 1 , - a - 1 } { a 5 c - 1 , - a - 2 } / i 1 2 ( - a - 1 ) / i 1 2 ( - a - 2 ) / i 1 2 ( a ) 3 (14) 
If we rewrite equation (13) in the following form: 
hn(P)hy¿(a) = hu(aß){a,ß}-1 - hn(aß){ß,a}, 
78 
then 
Λΐ2(-ο _ 1 ) Αΐ2(-α" 2) fti2(o) = 
= {-α - 1 , -α~2}/ΐΐ2(α_ 3) /112(0) {α,α}/ι12(α2) 
= {-α - 1 , -α _ 2 }{α~ 3 ,ο}Λ 1 2(α _ 2 ) {ο,α}Λ12(α2) 
= {-α - 1 , -α_ 2}{α~3,ο}{α,α}{α~2,ο2} 
= { - α - 1 , - α - 2 } . (15) 
Therefore j / 3 ,using equations (14) and (15), can be written as a product of 
symbols in K2(F) in the following way 
y3A = {αβ-',-α-'Ηα'α \ -a-2}{-a-\ -a'2} 
= {oc - 1, —a _ 1 }{-a 4 c - 1 , — a - 2 } 
= {a, -o- 1 }{c- 1 ,-a- 1 }{-a 4 ,-a- 2 }{c- 1 ,-o- 2 } 
= {-a4, -o" 2}{c,o 3} 
- {-1,-1}{с,о3} 
This concludes the proof of proposition 4.2 [] 
4.3 Proposition Let A — I , I be an element of SL^iR) such that A is of 
order 3 and α is a unit in R. Then 
[А^Л,{с,а3} (mod (K2(R))3). 
P R O O F . We have by definition of the map ψ 
[A)„ ^ (x%*hMxbii 'У (mod (K2(R))3). 
Since { — 1, -1} is of order two we have by proposition 4.2 
( ^ " ' M a ^ i S ι)Λ = {c,o3} (mod (K2(R))3). 
So we are done. Π 
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5 A comparison of t h e maps Gi and G2 
In this section, we prove that if 3 ί [F : Q], the maps Gi and G2 are etjual. The 
proof is based on the techniques described in section IV.4. 
5.1 Theorem Lef 3 { [F : Q]. Then the maps 
Сі,Сг:А~
Е
 — + А'2(Л)/3 are equal. 
PROOF. Let χ be an element of A~E. Since 3 \ [F : Q], there exists-see the 
proof of proposition IV.4.3-a prime ideal q of Ό E with q \ 3 such that 
χ = [qS] and q remains prime in E(\/Z). 
Let 
ρ = q Π OF, ρ -- P-R and q = qS. 
The prime ideal ρ is not ramified in E since ρ f 3. So by proposition IV.4.5, the 
prime ideal ρ splits completely in E and we have f^ = 1. Since q remains prime 
in E{ v^3) and q \ 3, there exists by proposition IV.4.6 an integer i such that 
3' (mod p) is of order 3 in (Cf/p)*. 
We can choose the primitive third root ρ in such a way that 
jv" 
ρ (mod q) ^* 3' (mod p). (16) 
Because χ = [q] is an element of AE, we have by lemma 3.2 
[q] Ä [p] - ¡R]. 
Hence ρ = pi? is principal, so there exists an α € R such that 
р = а Д . (17) 
Now we have 
K2(F) э {Q,3'} HJU (1,...J,3' (mod p ) J , . . . J ) € 0 * v 
By the second description of the map ¿-see section IV.3 we have 
ρ ® χ н ^ {а, З3'} (mod (/^(Д)) 3 ) 
and hence 
г ^ Ч ^ З
3
' } (mod (K2(R))3). 
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Next we will determine an Л-basis (01,02) of q and a matrix A G SLi(R) 
corresponding to multiplication by ρ on q with respect to this basis. Since p 
splits completely in E, so does p: 
pS = qiq2, 
where cji and q2 are prime ideals of 5. Therefore the polynomial X2 + X + 1 is 
a product of linear factors in Д/р[Х]. Since we have an isomorphism 
Ojr/p - ^ Л/р, 
we obtain that 
3' (mod p) is of order 3 in (Л/р)*. (18) 
We obtain, using (18), the following factorization 
X 2 t X + I - ( x - 3 7 ) ( x - 3 2 7 ) . (19) 
Therefore we have 
qx - pS-t-(p-3 ' )S and q2 - p5 + (p - 32 ')S. (20) 
By the choice of ρ in (16) we have 
q = q5 = qj. 
Since 5 — Д[р] = R + Äp we obtain from equation (20): 
q = оЛ + орА + ( р - 3 , ) Л + (р З^рД. 
We will show that we have 
q = аД + ( р - 3')ñ. 
With the use of equation (19), there exists a t € R such that 
З
2
' + 3' + l = o<. (21) 
We have 
pa = 3 ' a + a ( p - 3 , ) (22) 
and also 
р ^ - З ^ + З ^ р - З ' ) = - 1 - р - р З * -f З ' р - З 2 ' 
- - l - p - 3 2 ' 
- -ρ + 3' - oí 
= - ( p - S ^ - Q t 
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So 
p(p-3')--- ta M І - З - К р - З ' ) (23) 
From equations (22) and (23), we obtain 
q =• nR t ( p - 3')Л. 
Hence (α. ρ - 3') is an ß-basis of q. From equations (22) and (23) it also follows 
that 
is the matrix of multiplication by ρ on the basis (α,ρ— 31). Now 3' is a unit in 
ß , so by proposition 4.3 we have 
[AU ^ { α , 3 3 · } (mod (K2(R))3), 
and therefore 
χ - [q] А [Л]. ^ {a,33·} (mod ( ^ ( i ? ) ) 3 ) · 
Hence 
Gi — G2. 
0 
Remark Consider the map 
CI{OF) —» СГ(Л). 
It induces a map on the 3-primary parts 
(a(0F))3 - « AF. (24) 
If the kernel of (24), is trivial then a and t appearing in equation (21) can be 
chosen in Op- In that case A is an element of SLaiCf). 
Remark Although we have already proved that G2 is a homomorphism, if 
3 \ [F : Qj, it is also a consequence of the theorem, since Gi is a homomorphism. 
82 
Bibliography 
[1] Bass, H., Milnor, J. and Serre, J.P. (1967): Solution of the congruence 
subgroup problem for Sln (n > 3) and Sp2n (n > 2), Pub]. Math. I.H.E.S. 
33. 
[2] Birch, B. (1969): ATj of global fields, Proc. Symp. Pure Math. 20, 87-95. 
[3] Browkin, J. and Schinzel, A. (1982): On Sylow 2-subgroups of ^ ( C F ) for 
quadratic number fields F, Journal für die reine und angewandte Mathe-
matiic, 331, 104-113. 
[4] Brown, K.S. (1974): Euler characteristics of discrete groups and G-spaces, 
Invent, math. 27, 229-264. 
[5] Dennis, R.K., Stein, M.R. (1973): The functor K2: A survey of computa-
tions and problems, Lecture JVotes in Mathematics 342, 243-281. 
[6] Garland H. (1971): A finiteness theorem for K2 of a number field, Ann. of 
Math. 94, 534-548. 
[7] Hurrelbrink, J. (1980): On ^ ( O ) and presentations of Sln(0) in the real 
quadratic case, J. reine angew. Math. 319, 213-220. 
[8] Hurrelbrink, J. (1982): On the size of certain Ä"-groups, Communications 
in AJgebra, 10(17), 1873-1889. 
[9] Iwasawa, K. (1972): Lectures on p-adic L-functions, Annals of Math. Stud-
ies 74 (Princeton Univ. Press: Princeton). 
[10] Iwasawa, K. (1976): A note on cyclotomic fields, invent, math. 36, 115-123. 
[11] Janusz, G. (1973): Algebraic Number Fields, Academic Press, New York. 
[12] van der Kallen, W. (1981): Stability for K2 of Dedekind rings of arithmetic 
type, Proc. 1980 Evanston conf. on alg. K-theory, Springer Lecture Notes 
in Mathematics, vol. 854, 217-248. 
83 
131 Kirchheimer, F. and Wolfart, J. (1980): Explizite Präsentation gewisser 
Hilbertbcher Modulgruppen durch Erzeugende und Relationen, J. reine und 
angew. Math. 315, 139-173. 
14] Keune, F. (1981): Another presentation for the А'г of a local domain, 
Journnl of Pure and Applied Algebra 22, 131 141. 
15] Keune, F. (1989): On the structure of the K2 of the ring of integers in a 
number field, К-theory 2, 625-645. 
16] Lang, S. (1970): Algebraic Number Theory, Graduate Texts in Mathemat­
ics 110, (1986) Springer verlag: New York. 
17] Lichtenbaum, S. (1973): Values of zeta-functions, étale cohomology and 
algebraic if-theory, Lecture Notes in Matli. 342, 489-501. 
18] Marcus, D. A. (1977): Number fìelds, Springer-Verlag, New York. 
19] Matsumoto, H. (1969): Sur les sous-groupes arithmétiques des groupes 
semi-simples déployés, Ann. Sci. Ее. Norm. Sup. 4е serie, 2, 1-62. 
20] Mazur, В. and Wiles, A. (1984): Class fields of abelian extensions of Q, 
Invent, math. 76, 179-330. 
21] Milnor, J. (1971): introduction to Aigebraic A'-tiieory, Annals of Math. 
Studies 72 (Princeton Univ. Press: Princeton). 
22] Mulders, T.M.L. (1991): Thesis. (To appear). 
23] Neukirch, J. (1986): Class Field Theory, Grundlehren der math. Wiss. 280, 
Springer-Verlag, Berlin. 
24] Silvester, J. (1981): Introduction to Algebraic K-theory, Chapman and 
Hall, London-New York. 
25] Swan, R.G. (1970): liT-theory of finite groups and orders, Lecture Notes in 
Mathematics 149, 
26] Tate, J. (1970): Symbols in arithmetic, Actes du Congres de JVice, vol 1, 
201-211. 
[27] Tate, Л. (1972): Appendix to 'The Milnor ring of a global field' by H. Bass 
and Л. Tate, Algebraic K-theory II, Lecture Notes in Math. 342, 429-446. 
[28] Tate, Л. (1976): Relations between K2 and Galois cohomology, invent. 
Math. 36, 257-274. 
[29] Washington, L. (1982): Introduction to Cyclotomic Fields, Graduate Texts 
in Mathematics 83, Springer verlag: New York. 
84 
[30] Wiles, Α. (1990): The Iwasawa conjecture for totally real fields, AnnaJs of 
Math. 131, 493-540. 
Samenvatting 
Zij F een getallenlichaam, met ring van gehelen Op. In dit proefschrift wordt 
de abelse groep A ^ ö f ) bestudeerd. Een stelling in de algebraïsche A'-theorie 
zegt dat de groep A ^ O f ) gelijk is aan de tamme kern. De tamme kern is de 
kern van een zeker homomorfisme 
P 
geïnduceerd door de tamme symbolen op F (zie hoofdstuk I). 
Een vermoeden van Birch en Tate zegt dat voor een totaal reëel getallen-
lichaam F, de orde van de groep A ^ ö ^ ) gelijk is aan \w2(F) • (^ ( -1) | . Hier is 
ζρ(·) de Dedekind ζ-functÎe bij F en W2{F) een zeker geheel getal. 
Recentelijk bewezen Mazur en Wiles de Main Conjecture in Iwasawa theorie. 
Als gevolg hiervan is het Birch-Tate vermoeden, op 2-torsie na, juist voor reële 
abelse getallenlichamen. 
In hoofdstuk II geven wij een direct bewijs voor een zwakkere versie van het 
Birch-Tate vermoeden. Zij ρ een priemgetal. We bewijzen voor een reëel abels 
getallenlichaam F, dat als ρ geen deler is van [F : Q] · cond(F) en ρ deelt niet 
( f ( - l ) , dan is het p-primaire deel van A ^ O f ) triviaal. 
In hoofdstuk III beschouwen we het algemene geval waarin F slechts abels 
wordt ondersteld. Met behulp van het spiegelingsprincipe van Leopoldt brengen 
we het algemene geval terug tot een situatie vergelijkbaar met het reële geval. 
We kunnen dan het volgende bewijzen Zij ρ ^ 5 een priemgetal en F een abels 
getallenlichaam. Als ρ geen deler is van [F : Q]-cond(F) en ρ deelt niet ζρ (-1) 
en ρ f Β
ρ
-2,χ voor alle oneven karakters χ op Ga,l(F/Q), dan is het p-primaire 
deel van A^CV) triviaal. 
Een ander probleem met betrekking tot de tamme kern is het vinden van 
voortbrengers voor deze groep in termen van elementen uit de Steinberggroep. 
Laat ρ een priemgetal zijn met ρ f \F : Q] · disc(.F) en laat tevens het p-primaire 
deel van €ί(Όρ) triviaal zijn. Dan wordt het p-primaire deel van КчіОF[-]) 
voortgebracht door Dennis-Stein symbolen. In speciale gevallen geldt dit zelfs 
voor КгіОр)· Als gevolg hiervan kunnen we in deze gevallen een presentatie 
voor de groep SLn(ÖF) geven. 
In hoofdstuk V definiëren we twee afbeeldingen tussen het 3-priinaire deel 
van Cl(ÖF(p){\\)~ en Кг{Ор[\\)І^- De eerste afbeelding is gebaseerd op de Mil-
nor definitie van Ki en de tweede afbeelding op het feit dat de groep A'2(C>F) 
gelijk is aan de tamme kern. We bewijzen met behulp van technieken uit hoofd­
stuk IV dat beide afbeeldingen identiek zijn. 
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